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Chapter 1
Introdution
1.1 Reasons for gauge theory of the strong interations
Quantum Chromodynamis (QCD) is an SUc(3) olour gauge theory, desribing intera-
tions of quarks in the fundamental representation. We begin by summarizing the standard
arguments in favour of QCD as the theory for strong interation physis (see for instane
[23℄).
1. At an empirial level, light hadrons (mesons and baryons) an be lassied aording
to representations of SUf(3) (the subsript f indiates avour). It is observed that
preisely those representations of SUf (3) are physially realized that may be obtained
by deomposing the diret produts 3⊗ 3⋆ (mesons) or 3⊗ 3⊗ 3 (baryons) as diret
sums of irreduible representations of SUf(3).
3⊗ 3⋆ = 8⊕ 1
3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1
It is an important fat that the fundamental representations of SUf(3), 3 and 3
⋆
, are
not among the physially realized representations.
2. This leads to the hypothesis of quarks and antiquarks as the fundamental onstituents
of hadrons (Quark Model of hadrons). One nds that there are three avours of light
quarks (antiquarks), whih transform aording to the fundamental representation
3 (3⋆) of SUf (3). These three avours are referred to as up(u), down(d) and
strange(s), and they have eletri harges (2
3
,−1
3
,−1
3
) respetively. Consideration
of SUf (3) as an approximate symmetry of the strong interations leads to the above
mentioned lassiation of hadrons. The approximate nature of SUf(3) is due to
the fat that the three quark avours have dierent masses and eletri harges.
In the Non-relativisti Quark Model, the intrinsi angular momenta assoiated with
hadrons are obtained by ombining SUspin(2) with SUf (3). This leads to a reasonably
suessful SU(6) lassiation sheme. The orbital exitations are then inluded by
lassifying hadrons under SU(6)⊗ Ospace(3).
1
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3. Absene of quarks among the observed hadrons requires them to exist only as on-
stituents of bound states. The quarks are assigned olour harge, and the strong
interations bind them into olour neutral hadrons. This is the phenomenon of on-
nement. In the Non-relativisti Quark Model, a meson is a bound state of a quark
and an antiquark, while a baryon is a bound state of three quarks.
4. Mesons are bosons, while baryons are fermions. This requires quarks to be fermions,
and baryon wavefuntions to be fully antisymmetri when all their degrees of free-
dom are taken into aount. In the Non-relativisti Quark Model, the lowest lying
baryons are in zero relative angular momentum states, and their wavefuntions are
symmetri in spin-avour degrees of freedom. For example, the wavefuntion of the
∆++
(
3
2
+
)
is |u↑u↑u↑〉, where the up-arrow (↑) denotes the spin Sz = 12 for eah
quark. These wavefuntions are reoniled with Fermi statistis by postulating a
new internal quantum number for quarks, i.e. olour. If eah quark has three, other-
wise indistinguishable, olour states, whih transform aording to the fundamental
representation of SUc(3) (subsript c stands for olour), then Fermi statistis is saved
by using a totally antisymmetri olour wavefuntion for baryons.
5. This assignment makes strong interations invariant under global SUc(3) transfor-
mations. The states may then be lassied aording to various irreduible repre-
sentations of SUc(3). Using the fat that physial hadrons are olour neutral, i.e.
singlets under SUc(3), we an understand why only qq and qqq states (and not q, qq,
qqqq et.) exist in naturethe singlet representation appears only in the 3⊗ 3⋆ and
3⊗ 3⊗ 3 produts.
6. Data from deep inelasti e− p sattering (whih involves a large momentum transfer
to the proton via the exhange of a virtual photon) suggest that the proton an be
understood as a bound state of onstituents alled partons, whih interat very
weakly with eah other at high energies. At low energies, the interations among
the partons beomes strong and they are strongly bound to eah other. These ideas
form the basis of Feynman's Parton Model. Non-abelian gauge theories an provide a
eld-theoreti understanding for Parton Model, beause it has been shown that only
non-abelian gauge theories are asymptotially free, i.e. their interations vanish as
energy E →∞ but beome strong at a sale E ∼ ΛQCD (ΛQCD denotes the O(GeV)
onnement sale).
7. Experimentally, there is no evidene for any avour dependene of strong interations;
it is found that avour-dependent eets an be explained by quark mass and eletri
harge dierenes. We have already argued that strong interations should have an
exat global SUc(3) symmetry. Converting this to a loal symmetry, SUc(3) beomes
the non-abelian gauge theory of strong interations.
8. The onept of three olour states for quarks is supported by at least two other
powerful experimental results.
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(a) The parton model ross-setion alulation for the proess e+ + e− → hadrons:
At large energies (E ≫ ΛQCD), the ratio
R =
σ (e+e− → hadrons)
σ (e+e− → µ+µ−)
is predited to be
R = 3
∑
q
Q2q = 3×
(
4
9
+
1
9
+
1
9
+
4
9
+
1
9
+ · · ·
)
=
11
3
(including quarks up to b)
The experimental value of R is in good agreement with this predition and in
poor agreement with the olourless predition
11
9
.
(b) The deay rate for π0 → 2γ: This is again proportional to the number of olours,
and the observed deay rate agrees with three olour states for the quarks.
All this analysis suggests that the theory of strong interations is a non-abelian gauge the-
ory based on the gauge group SUc(3) with quarks in the fundamental representation. This
theory is preisely dened with a single gauge oupling and quark masses as its parame-
ters. For its onrmation, it must quantitatively explain quark onnement, spontaneous
breakdown of hiral symmetry (i.e. light pions), the hadron spetrum, partial deay widths,
ross-setions, form-fators, struture funtions, and so on.
1.2 QCD
QCD is a non-abelian gauge theory based on the gauge group SUc(3). We assume that
there are Nf quark avours (experimentally Nf = 6). Eah quark of a spei avour n
omes in 3 olours, and transforms aording to the fundamental representation of SUc(3).
The QCD Lagrangian for Nf avours of quarks is given by
L = −1
4
F µνa (x)F
a
µν(x) +
Nf∑
n=1
Ψn(x) [iγ
µDµ −mn] Ψ(x).
Various symmetries of the QCD follow from L.
• Invariane under the (3+1)-dim Poinaré group, whih onsists of time translations,
spae translations, spatial rotations, Lorentz boosts, and their ombinations. Con-
servation of energy, linear momentum and angular momentum follow as a result of
these spae-time symmetries.
• Charge onjugation, Parity and Time-reversal invariane.
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• SUc(3) olour gauge invariane.
• Invariane under Ψn → exp [iθn] Ψn and Ψn → Ψn exp [−iθn]. This orresponds to
U(1)⊗ U(1)⊗ · · · ⊗ U(1)︸ ︷︷ ︸
Nf times
≡ [U(1)]Nf
global invariane, whih implies onservation of the number of quarks minus the
number of antiquarks for every avour.
• When all mn = 0, invariane under
Ψn →
(
exp
[
iθktk + iθ˜ktkγ5
])
nm
Ψm , Ψn → Ψm
(
exp
[
−iθktk + iθ˜ktkγ5
])
mn
Ψn → exp
[
iθ + iθ˜γ5
]
Ψn , Ψn → Ψn exp
[
−iθ + iθ˜γ5
] ,
where tk are the N
2
f − 1 matries generating the Lie algebra of SU (Nf) group, and
θk and θ˜k are arbitrary real parameters (see Appendix A). Thus the global [U(1)]
Nf
gets extended to SUL (Nf )⊗ SUR (Nf )⊗ UV (1) ⊗ UA(1) whih is known as the the
hiral group of symmetries. The UV (1) symmetry is exat and orresponds to the
onservation of Baryon number. The UA(1) symmetry is anomalous, i.e. although
it is a symmetry of the Lagrangian, it is not a symmetry of the quantum dynamis.
Sine parity doubling is absent in the observed hadron spetrum, one expets the
SUL (Nf)⊗SUR (Nf) symmetry to be spontaneously broken to its diagonal subgroup
SUV (Nf ). A signature of this spontaneous symmetry breaking is provided by the
non-zero expetation value of the hiral ondensate,
〈
ΨΨ
〉 6= 0, and N2f − 1 massless
Goldstone bosons. (For Nf = 2, the triplet of pions are identied as the pseudo-
Goldstone bosons).
• The axial (A) part of the hiral symmetry is broken expliitly by the non-zero bare
quark masses, while the vetor (V ) part is expliitly broken due to the fat that the
bare quark masses are unequal. Thus the mass terms aount for expliit avour
symmetry breaking eets in QCD.
An important aspet of 4-dim QCD whih arises as a result of the non-abelian nature of
the gauge group SUc(3) is asymptoti freedom. The oupling onstant goes to zero as the
energy sale at whih it is dened is inreased. Thus the behaviour of the Green's funtions
when all the momenta are saled up by a ommon fator is governed by a theory where
g → 0. For proesses whih involve large momentum transfers, perturbation theory in
powers of g an be reliably used, and it is in this domain that QCD has been extensively
tested. Fatorization of long distane physis (whih is proess independent) from the
short distane distane physis (whih is proess spei) gives perturbative QCD a lear
preditive power. Perturbation theory also indiates that g → ∞ at a low energy sale,
typially labeled ΛQCD. The strong oupling region (g very large) has been studied for
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QCD formulated on a spae-time lattie using high temperature expansions. Various non-
perturbative features of hadroni physis (e.g. onnement, hiral symmetry breaking and
quantum numbers of light hadrons) emerge naturally when g is large. To onnet the two
regions, QCD has to be analysed at intermediate values of g. It has not been possible to do
this analytially so far. Numerial simulations have extensively explored this intervening
region, however, and they show that the region of large gauge oupling is analytially
onneted to the region of small gauge oupling, without any phase transition in between.
This implies that the symmetries of the theory are the same in both the strong oupling
and the weak oupling regions.
1.3 Summary of the thesis
There is little doubt that QCD is the theory behind hadroni physis. Our main diulty
lies in performing quantitative alulations using it. Suh alulations are important be-
ause they test the suess of QCD in low energy domain. For example, the ross-setion
for a proess involving hadrons, in general, has a sizable non-perturbative omponent re-
lated to hadroni substruture. If suh proesses are to be used to identify physis beyond
the Standard Model, then it is important to have a good theoretial ontrol over the non-
perturbative ontribution.
The study of bound states in QCD is made diult due to [29℄
• the unlimited growth of the running oupling g in the infrared region, whih invali-
dates use of perturbation theory;
• onnement, whih requires potentials that diverge at long distanes as opposed to
the Coulomb/Yukawa potentials used in perturbation theory;
• spontaneous hiral symmetry breaking, whih annot be demonstrated using pertur-
bation theory; and
• the non-perturbative struture of the QCD vauum.
Before one an quantitatively understand QCD, it is neessary to establish a suitable
framework for studying these non-perturbative eets. A lattie formulation is a natural
way to dene QCD so that all the non-perturbative physis is aessible. Muh progress
has been made sine QCD was formulated on a spae-time lattie by Wilson [28℄ in 1974.
In this thesis, we study QCD formulated on a transverse lattie, whih ombines tehniques
from light-front eld theory and lattie gauge theory. An approximation sheme based on
1/Nc expansion and transverse strong gauge oupling expansion allows us to systematially
study this transverse lattie QCD.
The use of light-front framework in studying bound states has several advantages over
the equal-time framework. In this framework, the theory is evolved along a light-like
diretion (x+). The light-front wavefuntions, whih enode the bound state struture, are
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the eigenstates of the light-front Hamiltonian P−. Sine the longitudinal and transverse
boosts are purely kinematial, it beomes easy to separate the entre-of-mass motion from
the internal motion. Furthermore one an hoose to work with internal variables whih
are manifestly boost invariant. The omputation of the light-front wavefuntions leads
to estimates of a wide range of observables. Implementing a ut-o that removes degrees
of freedom with exatly zero longitudinal momentum, one an fore the vauum to be
trivial. The bound state wavefuntions an then be expanded in the light-front Fok spae
of its onstituents. In the large-Nc limit, only the lowest Fok spae amplitudes survive.
The non-dynamial longitudinal gauge eld provides a linear onning potential in the
x−-diretion (see Appendix B).
The lattie ut-o in the transverse diretions provides a non-perturbative gauge-
invariant regularization, albeit at the ost of rotational invariane. In the strong transverse
gauge oupling limit, there is a linear onning potential in the transverse diretions. We
expet QCD formulated with two ontinuum (light-front) and two lattie (transverse) di-
mensions to be loser to real ontinuum QCD, than the extensively studied version with
all the four dimensions on lattie. In the limit of large-Nc and strong transverse gauge ou-
pling, the dynamis of QCD along the light-front and the transverse diretions essentially
fatorizes, and the theory an be solved in a losed form. This approah to studying QCD
was outlined by Patel [22℄. Here we present the expliit solution, and that is the original
ontribution of this thesis.
In Chapter 2, we formulate QCD in the large-Nc and strong transverse oupling limits,
and then exatly integrate out all the gauge degrees of freedom to obtain the generating
funtional for quark-antiquark bilinears. We study the hiral properties of our limiting
theory in Chapter 3, for naive as well as Wilson fermions, and obtain a reursive relation for
the hiral ondensate. In Chapter 4, we obtain the homogeneous integral equation satised
by the meson states of our theory. Comparison of this equation with the orresponding one
for the 't Hooft model allows us to infer many physial meson properties. Our results are
onsistent with phenomenologial expetations, and this is the rst time that suh results
have been obtained from (3 + 1)-dim QCD, with only quark and gluon degrees of freedom
and no ad ho model assumptions. Extration of preise values requires numerial solution
of the integral equation; we have not yet arried that out and we desribe our outlook for
further investigations at the end of Chapter 4.
Three appendies supplement our analysis. Our notation and onventions are listed in
Appendix A. The known results for mesons in the 't Hooft model and in strong oupling
lattie QCD are rederived, in Appendix B and in Appendix C respetively, using the same
methodology as followed in the thesis. That allows onvenient omparison, as well as
demonstrates the advantage of our approah over these two well-studied approximations
to QCD.
Chapter 2
QCD at large Nc and strong transverse
gauge oupling
2.1 Large-Nc limit
QCD is a non-abelian gauge theory based on the gauge group SU(3). One would like to see
all the qualitative and quantitative features of hadroni physis (onnement, hiral sym-
metry breaking, the hadron spetrum, form fators, partial deay widths, ross-setions,
et.) emerge from QCD. For most of these properties, the low momentum struture of
Green's funtions is important. But QCD is an asymptotially free theory, with the running
gauge oupling inreasing as the sale at whih it is dened dereases. The low momentum
behaviour of Green's funtions, therefore, is governed by a theory with a large oupling,
making ordinary perturbation theory a ompletely ineetive tool of omputation.
In suh a situation, one has to look for alternative approximation shemes. A promising
approah is the 1/Nc expansion of a gauge theory based on the SU (Nc) group. The
subjet of the large-Nc limit of SU (Nc) gauge theories with quarks in the fundamental
representation was initiated by 't Hooft [25℄, wherein he showed that 1/Nc an be treated
as a small expansion parameter in these theories. The usual perturbative expansion reveals
very little information about the spetrum of the theory, while the large-Nc limit retains
many important non-perturbative aspets of the theory.
Witten [30℄ showed that many qualitative features of hadroni physis an be under-
stood in the framework of the 1/Nc expansion. In partiular, if one assumes onnement,
the large-Nc limit produes a weakly interating theory of an innite number of mesons
with oupling of the order of 1/Nc. Baryons are solitons of the theory, with mass propor-
tional to Nc, and with size and shape Nc-independent. Let us now have a quik look at
some aspets of the large-Nc limit of QCD. This setion is largely based on reviews by Cole-
man [11℄, Witten [30℄, Manohar [18℄ and Makeenko [17℄, and follows the power-ounting
onventions of Witten.
A sensible large-Nc limit of any quantity in QCD is obtained as follows:
• Generalize the olour gauge group from SU(3) to SU (Nc),
7
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• holding g xed, take large-Nc limit of eah Feynman diagram ontributing to that
quantity, and sum the leading ontributions to all orders in g.
The entral idea of the large-Nc limit of QCD is that gluons have many more olour states
than quarks (N2c − 1 ompared to Nc), and so quark radiative orretions are suppressed
relative to gluoni radiative orretions when one holds g xed. Also planar type of glu-
oni radiative orretions are more important (larger powers of Nc) than non-planar type.
Thus the gluons eetively provide a mean eld environment through whih the quarks
propagate.
In more onrete terms, the Lagrangian density for SU (Nc) gauge eld theory with
quarks in the fundamental representation is given by
L = −1
4
F µνa F
a
µν +Ψi [iγ
µDµ −m]ij Ψj ,
with
(DµΨ)i = ∂
µΨi − i g√
Nc
(ta)ij A
µ
aΨj,
F µνa = ∂
µAνa − ∂νAµa +
g√
Nc
fabcA
µ
bA
ν
c ,
and
[ta, tb]− = ifabctc , tr (tatb) = δab .
Repeated olour indies are summed here; see Appendix A for notations and onventions.
We have left out gauge-xing terms and renormalization ounter-terms. Inlusion of these
terms is trivial and does not alter the nature of qualitative results obtained in their absene.
Holding g xed and taking Nc →∞, one an show the following:
• The leading diagrams in the large-Nc limit are planar diagrams with quarks (if any)
on boundaries.
 If Gi represent loal gauge invariant operators (whih annot be split further
into smaller gauge invariant parts) made up exlusively of gauge elds, then
the n-point Green's funtion, the onneted n-point Green's funtion and the
n-point 1PI vertex funtion are of order N2nc , N
2
c and N
2(1−n)
c respetively,
〈G1G2 . . . Gn〉 ∝ N2nc ,
〈G1G2 . . . Gn〉conn ∝ N2c ,
Γ
(n)
{G} (1, 2, . . . , n) ∝ N2(1−n)c .
 If Bi represent gauge invariant (loal or non-loal) quark bilinear operators
(whih annot be split further into smaller gauge invariant parts), then the m-
point Green's funtion, the onneted m-point Green's funtion and them-point
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1PI vertex funtion are of order Nmc , Nc and N
1−m
c respetively,
〈B1B2 . . . Bm〉 ∝ Nmc ,
〈B1B2 . . . Bm〉conn ∝ Nc ,
Γ
(m)
{B} (1, 2, . . . , m) ∝ N1−mc .
 In general, with n-gluoni and m-quark bilinear operators (m > 0), we have
for the (n + m)-point Green's funtion, the onneted (n + m)-point Green's
funtion and the (n+m)-point 1PI vertex funtion,
〈G1 . . . GnB1 . . . Bm〉 ∝ N2n+mc ,
〈G1 . . . GnB1 . . . Bm〉conn ∝ Nc ,
Γ
(n;m)
{G;B} (1, . . . , n; 1, . . . , m) ∝ N1−2n−mc .
• The diagrams with minimum number of quark loops dominate; eah internal quark
loop is suppressed by a fator of 1/Nc.
• Expansion in powers of 1/Nc beomes a topologial expansion for the diagrams.
Consider a general diagram ontributing to the onneted orrelation funtion with
n-gluoni and m-quark bilinear operators. Any suh diagram an be assoiated with
a 2-dim surfae by assoiating olour index loops with faes of polygons, gluon prop-
agators with edges where polygons touh eah other and verties with points where
orners of dierent polygons fuse. The ontribution of suh a diagram is O (Nχc ),
where χ is the topologially invariant Euler harateristi of the assoiated 2-dim
surfae. If the 2-dim surfae has H handles and L boundaries, then χ = 2− 2H−L.
(L is the sum of the number of internal virtual quark loops and the number of exter-
nal boundaries in the diagram.) For a onneted (n+m)-point orrelation funtion,
a maximum of m external boundaries are allowed. The leading ontribution arises
from planar diagrams whih have genus H = 0, and ontribution of diagrams with
larger genus H or more boundaries L is suppressed.
• Distintion between gauge groups SU (Nc) and U (Nc) is immaterial at the leading
order; they dier from eah other by O (1/N2c ) terms.
It follows that in the large-Nc limit, all gauge invariant orrelation fatorize; the utuations
are suppressed by powers of 1/Nc and vanish when Nc =∞. This essentially means that the
funtional integral for the theory gets saturated by ontribution from a single gauge orbit,
known as the master orbit and represented by a set of gauge equivalent vetor potentials.
If one knows the master gauge eld, then, in priniple, one an ompute the leading Nc
ontribution to any quantity. In this sense, the large-Nc limit is like a lassial limit of the
theory.
Assuming that large-Nc QCD is a onning theory, the following qualitative piture of
glueballs and mesons emerges [30℄:
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• At Nc =∞, glueballs (mesons) are free, stable and non-interating. Glueball (meson)
masses have smooth nite limits as Nc → ∞, and the number of glueball (meson)
states is innite. Speially, if G and B are gauge invariant eld operators for a
meson and a glueball respetively, with appropriate quantum numbers, then
〈 0 | G | glueball 〉 ∝ Nc ,
〈 0 | B | meson 〉 ∝
√
Nc .
• With Γ(n){G} (1, 2, . . . n) ∝ N2(1−n)c and 〈0 | G | glueball〉 ∝ Nc, it follows that the am-
plitude for a proess involving n glueballs is proportional to N2−nc . In partiular, the
amplitude for a glueball deaying in to two other glueballs is O (1/Nc), and glueball-
glueball sattering amplitude is O (1/N2c ).
• With Γ(m){B} (1, 2, . . .m) ∝ N1−mc and 〈0 | B | meson〉 ∝
√
Nc, it follows that the ampli-
tude for a proess involving m mesons is proportional to N
1−m/2
c . In partiular, the
amplitude for a meson deaying in to two mesons is O
(
1/
√
Nc
)
, and meson-meson
sattering amplitude is O (1/Nc).
• More generally, the amplitude for a proess involving n glueballs and m mesons
(m > 0) is of order O
(
N
1−n−m/2
c
)
. In partiular, the amplitude for a glueball to mix
with a meson is O
(
1/
√
Nc
)
, the amplitude for a glueball to deay in to two mesons
is O (1/Nc), the amplitude for a meson to deay in to two glueballs is O
(
1/N
3/2
c
)
,
and the glueball-meson sattering amplitude is O (1/N2c ).
• Arbitrary n-point Green's funtions and n-point sattering amplitudes are given by
sums of tree diagrams with eetive loal verties and propagators orresponding to
exhange of physial hadrons (glueballs and mesons).
This qualitative piture agrees very well with observed phenomenology:
1. Suppression of the quark sea in hadroni physis and the fat that mesons are ap-
proximately pure qq states: In large-Nc limit quark loops are suppressed by fators
of 1/Nc, whih is a onsequene of the fat that there are O (N
2
c ) gluon degrees of
freedom, but only O (Nc) quark degrees of freedom. Thus, the quark sea is absent at
Nc =∞.
2. The absene, or at least suppression, of qqqq exotis: Mesons are non-interating at
Nc =∞, whih means that two mesons would not be bound together in to an exoti
state. Presene of exotis would show up as simple poles in the onneted Green's
funtion 〈E(x)E(y)〉conn, where E(x) = qiqiqjqj(x). But to leading order in 1/Nc,
〈E(x)E(y)〉conn fatorizes to 〈qiqi(x)qkqk(y)〉2conn, and we have freely propagating non-
interating mesons instead of exotis.
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3. Resonant two-partile nal state domination (whenever kinematially allowed) of
multi-partile deays of unstable mesons: It is observed that meson deays proeed
mainly through resonant two-partile states. For example, B(1237 MeV) deays to
4π, but mainly via B → ωπ, with subsequent ω → 3π. (It is generally believed
that the tendeny for deays to be two-partile dominated persists, even when the
larger phase spae of multi-partile deays is aounted for.) The explanation for
this feature from the point of view of large-Nc limit is that the deay B → ωπ is
O
(
1/
√
Nc
)
, while the diret, non-resonant deay B → ππππ is O
(
1/N
3/2
c
)
.
4. Zweig's rule: Constituent quark-antiquark prodution is suppressed ompared to re-
arrangement of existing onstituents inside hadrons. For example, the deay φ(ss)→
K+(su) +K−(us) has onsiderably less phase spae ompared to φ(ss)→ π+(du) +
π0(uu − dd) + π−(ud). Nevertheless, φ → K+K− is the dominant deay mode. In
large-Nc limit, reation/annihilation of every quark-antiquark pair gives a suppres-
sion fator of 1/Nc. In φ-deay, there is an extra 1/
√
Nc suppression fator due to the
fat that φ → π+π0π− is a three-partile deay while φ → K+K− is a two-partile
deay. Overall, the π+π0π− deay mode is suppressed relative to the K+K− deay
mode by 1/N
3/2
c .
5. Meson multiplet struture as nonets of avour SU(3): If u, d and s quark masses
were equal, then there would be singlet-otet degeneray for mesons to leading order
in 1/Nc. This is beause the diagrams that split singlets from otets involve qq
annihilation, and are of order 1/Nc.
If one restrits QCD to two dimensions (see Appendix B), it is possible to study various
dynamial features of the theory analytially (many of these features ontinue to hold good
in four dimensions). But it is only the Nc =∞ limit whih has been solved in a losed form.
't Hooft [26℄ obtained an integral equation for the meson wavefuntion in 2-dim Nc = ∞
QCD, with eigenstates orresponding to an innite number of bound states. Subsequently,
Callan, Coote and Gross [10℄, Einhorn [12℄, Brower et al. [4℄, Cardy [9℄, Einhorn et al. [13℄,
and Shei and Tsao [24℄ further explored questions relating to quark onnement, hadron
states, sattering amplitudes and high energy behaviour. The key features of this solution
are:
• Choosing the light-front gauge A+ = A0 + A1 = 0 eliminates the non-linear self-
oupling of the gauge elds (gluon trilinear and quarti terms). This gauge is also
free of ghosts.
• The dynamis of gauge elds (terms involving A−) an be replaed by an instanta-
neous linearly onning potential between quark bilinears.
• The onning potential is dened using a prinipal value presription, whih keeps
its Fourier transform infrared nite.
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• To study mesons in the light-front gauge, one needs to sum only the planar rainbow
and ladder diagrams.
• The hoie of light-front oordinates together with the light-front gauge simplies the
Lorentz index struture of the theory, and eliminates the non-dynamial omponents
in terms of the dynamial ones.
• The mass term in the quark propagator gets additively renormalized, while the gluon
propagator and the quark-gluon vertex reeive no orretions.
• The quark-antiquark sattering amplitude shows that there are no ontinuum states
in the spetrum; only disrete meson bound states exist.
• The meson spetrum (masses and wavefuntions) is determined by the eigenvalues
of an integral equation that haraterizes the singularities of the quark-antiquark
sattering amplitude. It lies on an approximately linear trajetory in the M2 − n
plane, where n is the radial exitation quantum number.
• Spin does not exist in two dimensions, but parity is a good symmetry. The lightest
meson has negative parity, and the subsequent meson states alternate in parity as a
funtion of n.
• In the large-Nc limit, there is a non-zero hiral ondensate,
〈
ΨΨ
〉 6= 0, even in two
dimensions.
Many of these features are expliitly desribed in Appendix B. Thus (1 + 1)-dim large-Nc
QCD displays onnement and hiral symmetry breaking as antiipated in (3 + 1)-dim
QCD, even though the origins of these features are quite dierent in the two theories. The
ability to solve (1 + 1)-dim large-Nc QCD proves extremely useful, when attempting to
solve (3 + 1)-dim QCD on a transverse lattie.
2.2 Strong oupling limit
QCD is an asymptotially free theory, so its running gauge oupling grows as its ut-o
is lowered. Perturbative renormalization group evolution shows that the gauge oupling
depends logarithmially on the ut-o, and diverges at a sale ΛQCD = O(GeV). Strong
oupling expansion, i.e. an expansion in inverse powers of the gauge oupling in the region
where the ut-o is O(ΛQCD), is yet another approximation sheme whih eluidates some
of the observed features of hadroni physis. Strong oupling methods are usually employed
in the ontext of gauge theories formulated on a lattie. In the strong oupling region, one
an show that quarks are onned, hiral symmetry is spontaneously broken, the lightest
hadrons have the orret quantum numbers, and so on. These features are expeted to
survive in the weak oupling region (i.e. as one proeeds toward the ontinuum limit by
inreasing the ut-o), sine there is no phase transition separating the two regions.
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Let us illustrate the idea behind the strong oupling expansion in the ontext of pure
gauge theory on a Eulidean 4-dim hyperubi lattie with spaing a (see for instane [21℄).
The fundamental variables of this theory are the parallel transporters U (x, µ), assoiated
with the oriented link from site x to site x+aµ (see Appendix A for details of the notation).
The Wilson ation for this theory is dened in terms of the oriented plaquette variables
Ux;µν as
SW = − Nc
2g2
∑
x;µν
Re tr [Ux;µν − 1] ,
where the plaquette variables are dened in terms of the parallel transporters as
Ux;µν = U
†(x, µ)U †(x+ aµ, ν)U(x+ aν, µ)U (x, ν)
and g ≡ g(a) is the lattie gauge oupling onstant. The ation SW is often abbreviated as
SW = −Nc
2g2
∑
p
Re tr [Up − 1] ,
where the sum inludes every plaquette with both orientations. This is the simplest gauge
invariant lattie ation whih redues to the Yang-Mills ation in the ontinuum limit
a→ 0.
To demonstrate onnement, one needs to show that it requires innite energy to
separate a quark-antiquark pair by an innite distane. The expetation value of the
Wilson loop, W (C) = 〈trU (C)〉, probes the interation potential between a stati quark-
antiquark pair. Consider C to be a large at retangular loop with sides Ra and Ta. In a
linearly onning theory, W (C) obeys the area law
W (C) ≃ exp (−σRTa2) ,
with a non-zero string tension σ. If the theory does not onne, then the Wilson loop
would follow a perimeter law
W (C) ≃ exp [−µ (R + T ) a] .
At the leading order in the strong oupling expansion, one an easily show that Wilson
loops obey area law as follows. The expetation value of the Wilson loop is
W (C) = 1
Z ′
∫ [∏
x,µ
dU(x, µ)
]
tr
(
P
∏
l∈C
U(l)
)
exp
[
Nc
2g2
∑
p
trUp
]
,
where P denotes the orientation of loop C and
Z ′ =
∫ [∏
x,µ
dU(x, µ)
]
exp
[
Nc
2g2
∑
p
trUp
]
.
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Expanding the exponential in a Taylor series, we get
exp
[
Nc
2g2
∑
p
trUp
]
=
∑
m1,m2,...
(Nc/2g
2)
m1+m2+···
m1!m2! · · · (trUp1)
m1 (trUp2)
m2 · · · .
The group integration over [dU(x, µ)] produes a non-zero result only when all the fators
of U (x, µ) for that link ombine into a gauge singlet. The simplest instane is when one
fator of U is ombined with another fator of U †,∫
dU = 1 ,
∫
dU UijU
†
kl =
1
Nc
δjkδil .
The leading ontribution to W (C) thus arises when the smallest number of plaquettes
(with mathing orientations) tile the loop C. On expliitly arrying out the integration
over the link variables, we get
W (C) = Nc
(
1
2g2
)RT
.
This shows that at strong oupling Wilson loops obey area law with string tension
σ =
ln (2g2)
a2
, for Nc ≥ 3 .
For Nc = 2, the orientation of the plaquette does not matter in group integration, and so
eah plaquette is assoiated with a fator of 1/g2. This yields the string tension
σ =
ln (g2)
a2
, for Nc = 2 .
Subleading orretions to this strong oupling limit are onveniently obtained by expanding
the exponential of the gauge ation in terms of the haraters of the gauge group. Suh
harater expansions eetively sum a subset of graphs, and onsiderably simplify the
omputation.
In ontrast to the weak oupling expansions whih are asymptoti in nature, strong ou-
pling expansions have a non-zero radius of onvergene. Within its domain of onvergene,
one an rigorously show:
• Stati quark onnement: Wilson loops in the fundamental representation obey area
law at strong oupling.
• Existene of a mass gap: The plaquette-plaquette orrelation funtion deays expo-
nentially at strong oupling.
• Possible phase transitions: Power series expansions (in inverse powers of the lattie
gauge oupling) for quantities like internal energy, mass gap, string tension et. an
be used to loate phase transitions.
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When dynamial quarks are added to the gauge theory, alulations get tehnially more
involved. Firstly, it beomes diult to arry out strong oupling expansions to high
orders. Seondly, phenomena assoiated with hiral symmetry breaking an only be seen
if the quark part of the theory is taken into aount exatly. This is due to the fat that
hiral symmetry breaking produes pions as pseudo-Goldstone bosons, whih are very light
for small bare quark masses and hene give rise to long distane orrelations.
The results for the meson spetrum, at the leading order in strong oupling expansion,
are desribed in Appendix C. They orrespond to propagation of quark-antiquark pairs
without any separation at all, and show that there is only one meson state for every spin-
parity quantum number (i.e. all radial exitations are pushed away to innite energy).
2.3 Combined large-Nc and strong transverse
gauge oupling limits
We argued in Setion 2.1 that large-Nc QCD in a good phenomenologial approximation
to many aspets of hadroni physis. This was dedued by power ounting, ombining
the assumption of olour onnement for large-Nc QCD with the fat that at large Nc
only planar diagrams with quarks on boundaries survive. In partiular, to leading order
in 1/Nc, meson sattering amplitudes are given by sums of tree diagrams with exhange of
physial mesons. The sum is always an innite sum, beause there are always an innite
number of mesons that ould be exhanged in any given hannel. This feature has a strong
resemblane to the suessful Regge phenomenology desription of strong interations.
In Regge phenomenology, strong interations are interpreted as an innite sum of hadron-
exhange tree diagrams, with the innite number of hadrons lying on approximately linear
trajetories in the M2 − J plane. Thus it seems likely that the large-Nc limit of QCD
should be an important ornerstone in the eventual derivation of Regge phenomenology
[30℄. It is also believed that the straightness of Regge trajetories is related, by analytiity,
to the narrowness of hadron resonanes. If there is any approximation to QCD in whih
the trajetories are linear, this must be an approximation in whih the resonanes are
narrow. Again it is an attrative feature of large-Nc expansion that the hadron resonanes
are narrow, with widths O (1/Nc). This oers hope that at Nc =∞ the Regge trajetories
are linear.
With the above in mind, the problem that needs to be addressed is how to sum the
planar diagrams of large-Nc QCD. In order to takle a quantum eld theory, with its
ontinuously innite number of degrees of freedom, one has to impose kinematial ut-
os (i.e. a suitable regularization proedure). The dynamis of the degrees of freedom
eliminated by the ut-o is aounted for by
• renormalization of the existing ouplings in the theory, and
• introdution of new ounter-terms with ut-o dependent ouplings, that are onsis-
tent with the symmetries of the theory left unbroken by the seleted ut-o.
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The renormalized ouplings and the indued ounter-terms remove the ut-o dependene
from physial observables and help restore ontinuum physis. The number and symmetries
of the ounter-terms depend on the symmetry properties of the ut-o. For example, in
the weak oupling perturbative treatment of gauge theories, if one adopts a ut-o whih
maintains manifest residual gauge invariane (some gauge hoie is essential to make the
perturbative sheme well dened; usually a Lorentz ovariant gauge is hosen) and Lorentz
invariane at all intermediate stages of the alulation, then the ounter-terms also respet
the very same symmetries.
In a onning theory suh as QCD, gauge elds have large variations, and a non-
perturbative ut-o should be suh that it is manifestly gauge invariant. This riterion in
the hoie of ut-o is far more important than the riterion of manifest Lorentz invariane,
beause suh a starting point is loser to the real world of strong interation physis. (Of
ourse, quantitative desription of strong interation physis will be attained only after
taking in to aount all the ut-o dependent ounter-terms.) Suh a ut-o is provided
by formulating the gauge theory on a lattie. The disussion in Setion 2.2 shows that for
very oarse lattie spaing, the gauge theory produes linear onnement, i.e. large Wilson
loops obey the area law. Numerial simulations for QCD, at dierent values of the lattie
spaing, show that this behaviour persists all the way to very ne latties with no phase
transitions in the intervening region.
An extremely oarse 4-dim lattie ut-o, however, has the disadvantage of drastially
breaking Poinaré invariane (atually 4-dim Eulidean invariane) all the way down to 4-
dim hyperubi group. Though onnement is manifest, glueballs beome innitely massive
and are pushed out of the spetrum. In the hadroni setor, only the lowest lying states
survive in eah quantum number setor. This is expliitly demonstrated in Appendix C,
whih analyses SU (Nc →∞) lattie gauge theory at strong oupling with naive fermions in
the fundamental representation. It has not been possible to perform analytial alulations
on less oarse latties; only numerial results have been obtained using powerful omputers.
Can we do something better without spoiling the analytial simpliity of working with a
oarse lattie, and yet retain the higher energy exitations? Appendix B demonstrates that
the 't Hooft model shares two key phenomenologial features of strong interation physis,
namely, onnement and hiral symmetry breaking. Is there any way of inorporating
these features in a systemati framework when studying (3 + 1)-dim QCD? The answer to
these two questions leads us to formulating QCD on a transverse lattie.
To expliitly inorporate the 't Hooft model in the solution to large-Nc (3+1)-dim QCD,
one must keep the temporal and one spatial dimension ontinuous. Cruial to the expliit
solution of the 't Hooft model is the hoie of the light-front x+ = (x0 + x1) /
√
2 = 0 as
the quantization surfae, and P− = (P 0 − P 1) /√2 as the `time' (x+) evolution operator.
Sine P 0 ≥ |P 1|, it follows that P± ≥ 0. On the light-front, the `energy' dispersion relation
for a free partile of mass m is given by
p− =
p2⊥ +m
2
2p+
,
where p+ is the longitudinal momentum and p⊥ is the transverse momentum. Two impor-
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tant observations follow from this dispersion relation:
• p+ = 0 states have innite energy unless p⊥ = 0 and m = 0. These `infrared' diver-
genes assoiated with longitudinal zero modes are speial to eld theories analysed
on the light-front. These are separate from and in addition to the infrared problems
enountered in a ovariant formulation. The infrared divergenes of the latter type
show up in the light-front formulation as divergenes assoiated with small p⊥ states.
• There are ultraviolet divergenes assoiated with large p⊥ states.
One needs to regulate these divergenes before any onrete alulation is attempted. The
large p⊥ divergenes an be regulated by imposing a lattie ut-o a⊥ in the transverse
dimensions. We will regulate the longitudinal infrared divergenes by expliitly eliminating
the longitudinal zero mode using the prinipal value presription.
There are distint advantages assoiated with this hoie of ut-os.
• The total longitudinal momentum P+ of a state is just the sum of the longitudinal
momenta of its onstituents, P+ =
∑
i k
+
i . It follows that the vauum of the ut-o
theory (for whih P+ = 0) ontains no onstituents, i.e. the vauum is trivial.
• In the A+ = 0 gauge, A− is non-dynamial and plays the role of providing a linear
onning interation between quark-antiquark pairs in the longitudinal (x−) dire-
tion. The infrared singularity of this onning potential is regularized by the prinipal
value presription.
• After xing the A+ = 0 gauge, one is still left with residual gauge degrees of freedom
orresponding to x−-independent gauge transformations. These an be manifestly
maintained on a transverse lattie.
• Working with a very oarse transverse lattie makes onnement in the transverse
diretions automati. Wilson loops in the transverse plane then obey area law.
In our study of transverse lattie QCD, we restrit ourselves to the large-Nc and strong
transverse gauge oupling limits [22℄. This hoie is ditated by the fat that only in these
limits we an analytially solve the theory in a losed form. Consequently, our approah
has following limitations:
• Although linear onnement is built in to the theory, the dynamial mehanism
behind it is dierent in longitudinal and transverse diretions. Connement arises in
the longitudinal diretion beause the Coulomb potential in (1 + 1)-dim is linear for
any value of the gauge oupling, while it arises in the transverse diretion beause
of the strong gauge oupling (i.e. ompletely disordered gluon elds). Thus perfet
rotational symmetry is not expeted in our results.
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• Gluons have no transverse propagating degrees of freedom, so they an be ompletely
integrated out of the theory. The glueballs are innitely massive, just as in 4-dim
strong oupling lattie QCD.
• The spetrum onsists exlusively of towers of meson states, and the large-Nc limit
brings out the onstituent piture of mesons in an expliit way. But the large-Nc
limit also makes the baryons innitely heavy. Although the baryons an be brought
bak in to the theory as semi-lassial soliton states, that requires another set of eld
theoretial tehniques. The ase of baryons is not dealt with in this thesis.
• Renormalization group saling does not hold in the strong oupling lattie theory,
and hene our results for dimensionless quantities are not expeted to be the same
as in the ontinuum theory. The saling behaviour an be improved by alulating
higher order terms in the strong oupling expansion or by adding ounter-terms to
the simplest lattie ation. We have not done that, and so our results an only be
viewed as a model of real QCD. We hope that by having two dimensions already in
the ontinuum, our results would not be too far o the real world, and our model
would have pratial use.
• With the prinipal value presription, the infrared ut-o introdued to eliminate
the longitudinal momentum zero mode disappears from the nal results. On the
other hand, the transverse lattie ultraviolet ut-o that eliminates the transverse
momentum modes with |p⊥| > π/a⊥ expliitly appears in the nal results. So our
results an be interpreted only in the sense of an eetive theory, i.e. valid at a
sale below the ut-o sale where the ontribution of the negleted ounter-terms is
suppressed.
• Dynamial fermions on the lattie have the well-known onit between hiral sym-
metry and speies doubling. For omputational onveniene, we have studied fermion
ations with only the nearest-neighbour hopping term. The two popular hoies in
this ase are:
 Naive fermions: These retain exat hiral symmetry, but lead to multiple speies
of fermionsone for every orner of the Brillouin zone. Exat spin-diagonalization
onverts naive fermions to staggered fermions and redues the number of fermion
speies, but that annot eliminate the doublers ompletely. In the large-Nc limit,
however, fermion doubling is not a serious problem beause the fermion deter-
minant does not ontribute.
 Wilson fermions: These avoid fermion doubling, but expliitly break hiral sym-
metry. The hiral limit is dened as the loation where pions beome mass-
less, but even at this loation pions do not have all the properties of Goldstone
bosons.
Despite these limitations, our approah is tailor-made for the study of deep inelasti
hadroni physis. Experimental results for deep inelasti struture funtions are expressed
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in terms of light-front variables, and their saling behaviour implies that transverse dy-
namis ontributes only at the subleading order. So even if the transverse diretions are
severely distorted using a oarse lattie, the leading saling behaviour an remain largely
undisturbed. Note that for any 2-point or 3-point Green's funtion (e.g. propagators and
form fators), it is always possible to hoose a referene frame where the transverse mo-
menta of the external states vanish. We make this hoie in our analysis to express our
results in the ontinuum language in a straightforward manner.
2.4 SU (Nc) transverse lattie gauge theory
Elements from both ontinuum gauge theory (Yang and Mills) and lattie gauge theory
(Wilson) are needed in onstruting transverse lattie gauge theory. Suh a theory was
rst formulated by Bardeen and Pearson [1℄.
2.4.1 Basi gauge invariant quantities
We start by introduing pure SU (Nc) lattie gauge theory on a transverse lattie in four
dimensions. The underlying spae-time is the diret produt of two-dimensional Minkowski
spae and planar square lattie Z
2
(with lattie spaing a⊥).
Let Cy,y⊥;x,x⊥ be a partiular direted urve from (x, x⊥) to (y, y⊥), and let the parallel
transporter for the gauge eld along the urve C be U (Cy,y⊥;x,x⊥) ∈ SU (Nc). Under a
gauge transformation,
U (Cy,y⊥;x,x⊥)→ U ′ (Cy,y⊥;x,x⊥) = V (y, y⊥)U (Cy,y⊥;x,x⊥) V −1 (x, x⊥) , (2.1)
where V (x, x⊥) , V (y, y⊥) are arbitrary SU (Nc) matries. For an innitesimal straight
segment from (x, x⊥) to (x+ dx, x⊥),
U (Cx+dx,x⊥;x,x⊥) = 1−Aµ (x, x⊥) dxµ + · · · , (2.2)
where Aµ (x, x⊥) is the ontinuum gauge eld, i.e. an element of the Lie algebra of SU (Nc).
The gauge transformation rule for Aµ (x, x⊥) follows from the gauge transformation rule
for parallel transporters, eq.(2.1),
A (x, x⊥)→ A′ (x, x⊥) = V (x, x⊥)Aµ (x, x⊥) V −1 (x, x⊥)
+ V (x, x⊥) · ∂µV −1 (x, x⊥) (2.3)
Given the gauge eld Aµ (x, x⊥), the parallel transporters an be onstruted as,
U (C) = P exp
{
−
∫ 1
0
Aµ (c(t), x⊥)
dcµ
dt
dt
}
= P exp
{
−
∫
C
Aµ (x, x⊥) dxµ
}
, (2.4)
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where cµ(t) parametrizes the urve C with cµ(0) = xµ and cµ(1) = yµ, and the symbol P
denotes path ordering with respet to the variable t.
The simplest gauge invariant quantity one an onstrut using the parallel transporters
is the trae of the parallel transporter around a losed urve, also known as the Wilson
loop variable. For a losed urve Co based at point (x, x⊥),
trU (Co) = tr
[
P exp
{
−
∫
Co
Aµ (x, x⊥) dxµ
}]
. (2.5)
When Co is an innitesimal retangle based at (x, x⊥), with sides dxµ and dyµ,
U (Co) = U (Cx,x⊥;x+dy.x⊥)U (Cx+dy,x⊥;x+dx+dy,x⊥)
· U (Cx+dx+dy,x⊥;x+dx,x⊥)U (Cx+dx,x⊥;xx⊥) (2.6)
= 1− {∂µAν (x, x⊥)− ∂νAµ (x, x⊥) + [Aµ (x, x⊥) , Aν (x, x⊥)]−} dxµdyν + · · ·
The quantity in the urly brakets in the last line of eq.(2.6) is the eld strength of the
ontinuum gauge eld
Fµν (x, x⊥) ≡ ∂µAν (x, x⊥)− ∂νAµ (x, x⊥) + [Aµ (x, x⊥) , Aν (x, x⊥)]− . (2.7)
It follows from eq.(2.1) and eq.(2.6) that under a gauge transformation the eld strength
transforms as
Fµν (x, x⊥)→ F ′µν (x, x⊥) = V (x, x⊥)Fµν (x, x⊥)V −1 (x, x⊥) . (2.8)
So the simplest loal gauge invariant quantity in the ontinuum is
tr [F µν (x, x⊥)F ρσ (x, x⊥)] . (2.9)
Let us now onsider the nite straight segment from (x, x⊥) to (x, x⊥ + a⊥n), and the
orresponding parallel transporter U (Cx,x⊥+a⊥n;x,x⊥). We abbreviate this transverse link
variable as U (x, x⊥, n). It gauge transforms as
U (x, x⊥, n)→ U ′ (x, x⊥, n) = V (x, x⊥ + a⊥n)U (x, x⊥, n) V −1 (x, x⊥) . (2.10)
The parallel transporter around the smallest lattie loop (i.e. the elementary plaquette),
Umn (x, x⊥) ≡ U †(x, x⊥, m)U †(x, x⊥ + a⊥m,n)U(x, x⊥ + a⊥n,m)U (x, x⊥, n) , (2.11)
gauge transforms as
Umn (x, x⊥)→ U ′mn (x, x⊥) = V (x, x⊥)Umn (x, x⊥) V −1 (x, x⊥) . (2.12)
So the simplest gauge invariant quantity one an onstrut on a planar square lattie is
tr [Umn (x, x⊥)] . (2.13)
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In a transverse lattie spae-time, we also need to onsider mixed loops whih traverse
partly in the ontinuum and partly on the lattie. For a mixed loop Cn based at (x, x⊥),
with sides dx and a⊥n,
U (Cm) = U
† (x, x⊥, n)U (Cx,x⊥+a⊥n;x+dx,x⊥+a⊥n)U (x+ dx, x⊥, n)U (Cx+dx,x⊥;x,x⊥)
= 1 + U † (x; x⊥, n) {∂ρU (x; x⊥, n) + Aρ (x, x⊥ + a⊥n)U (x, x⊥, n) (2.14)
−U (x, x⊥, n)Aρ (x, x⊥)} dxρ + · · ·
The quantity in the urly brakets in the last line of eq.(2.14) is the mixed gauge ovariant
derivative of the transverse link variable
DµU (x, x⊥, n) = ∂µU (x, x⊥, n) + Aµ (x, x⊥ + a⊥n)U (x, x⊥, n)− U (x; x⊥, n)Aµ (x, x⊥) .
(2.15)
From the gauge transformation properties of parallel transporters, eq.(2.3) and eq.(2.10),
one nds that
DρU (x, x⊥, n)→ V (x, x⊥ + a⊥n)DρU (x, x⊥, n)V −1 (x, x⊥) , (2.16)
and hene the simplest two-derivative gauge invariant quantity of mixed type is
tr
(
[DµU (x; x⊥, n)]
†DνU (x; x⊥, n)
)
. (2.17)
Now let us introdue fermions, in the fundamental representation of SU (Nc), in to the
theory. Under a gauge transformation V (x, x⊥), the fermion elds Ψ and Ψ transform as
Ψ (x, x⊥) → Ψ′ (x, x⊥) = V (x, x⊥)Ψ (x, x⊥)
Ψ (x, x⊥) → Ψ′ (x, x⊥) = Ψ (x, x⊥)V −1 (x, x⊥) . (2.18)
The simplest gauge invariant fermion bilinear terms are therefore of the form
Ψ (y, y⊥)U (Cy,y⊥;x,x⊥) Ψ (x, x⊥) . (2.19)
In a transverse lattie spae-time, there are two distint hoies for the urve C in this
term:
1. C is an innitesimal segment from (x− dx, x⊥) to (x, x⊥). Expanding the fermion
gauge invariant term, we get
Ψ(x, x⊥)U (Cx,x⊥;x−dx,x⊥) Ψ (x− dx, x⊥)
= Ψ (x, x⊥) {1− Aµ (x, x⊥) dxµ} {Ψ (x, x⊥)− ∂µΨ (x, x⊥) dxµ}+ · · · (2.20)
= Ψ(x, x⊥)Ψ (x, x⊥)−Ψ (x, x⊥) [∂µ + Aµ (x, x⊥)] Ψ (x, x⊥) dxµ + · · · .
The rst term in last line of the above equation is the fermion mass term. In the
seond term, the ombinationDµ = ∂µ+Aµ is the gauge ovariant derivative operator
for fermions. Gauge ovariant derivatives of the fermion eld transform in a manner
idential to the fermion eld,
DµΨ (x, x⊥)→ D′µΨ′ (x, x⊥) = V (x, x⊥)DµΨ (x, x⊥) . (2.21)
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2. C is the nite straight segment from (x, x⊥) to (x, x⊥ + a⊥n). The orresponding
gauge invariant fermion bilinear term is the transverse hopping term,
Ψ (x, x⊥ + a⊥n)U (x, x⊥, n) Ψ (x, x⊥) . (2.22)
In summary, the maximally loalized gauge invariant terms involving the gauge elds
Aµ (x, x⊥), U (x, x⊥, n) and the fermion elds Ψ (x, x⊥), Ψ (x, x⊥) are:
• tr (F µν(x, x⊥)F ρσ(x, x⊥))
• tr
(
[DµU(x, x⊥, n)]
†DνU(x, x⊥, n)
)
• tr (Umn(x, x⊥))
• Ψ(x, x⊥)Ψ(x, x⊥)
• Ψ(x, x⊥) [DµΨ(x, x⊥)]
• Ψ(x, x⊥ + a⊥n)U (x, x⊥, n)Ψ (x, x⊥)
2.4.2 Transverse lattie QCD ation
Using the above terms, and demanding two-dimensional Poinare invariane as well as pla-
nar square lattie symmetry, we an write down a general ation for the SU (Nc) transverse
lattie gauge theory:
S =
Nca
2
⊥
4g2
∫
d2x
∑
x⊥
tr (F µν (x, x⊥)Fµν (x, x⊥))
+
Nc
4g2
λcl
∫
d2x
∑
x⊥,n
tr
(
[DµU (x, x⊥, n)]
†DµU (x, x⊥, n)
)
+
Nc
2g2a2⊥
λll
∫
d2x
∑
x⊥,m,n
Re tr [Umn (x, x⊥)− 1] (2.23)
+ a2⊥
∫
d2x
∑
x⊥
Ψ (x, x⊥) [iγµDµ −m] Ψ (x, x⊥)
+
κa⊥
2
∫
d2x
∑
x⊥,n
[
Ψ (x, x⊥ + a⊥n) (r − iγn)U (x, x⊥, n) Ψ (x, x⊥)
+Ψ (x, x⊥) (r + iγ
n)U † (x, x⊥, n)Ψ (x, x⊥ + a⊥n)
]
.
Here we have adopted the following onventions:
• The normalizations for the gauge and the fermion elds are hosen suh that eah
term in the ation is proportional to Nc. With this hoie, the large-Nc limit amounts
to nding the stationary point of the ation, while holding g xed [11℄.
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• Anisotropy parameters λcl, λll, κ have been introdued to take are of expliit break-
ing of rotational symmetry.
• The Wilson parameter r has been introdued in the fermion transverse hopping
term. As a⊥ → 0, a non-zero value for r adds an irrelevant operator to the fermion
Lagrangian, a⊥(DnΨ)(DnΨ). That removes the fermion doublers without hanging
the ontinuum limit, but breaks the hiral symmetry expliitly. As mentioned earlier,
we study two speial ases:
 r = 0: Transverse lattie QCD with naive fermions.
 r = 1: Transverse lattie QCD with Wilson fermions.
In order to reveal the onnetion of the above ation with ontinuum 4-dim SU (Nc) gauge
theory, we take the naive ontinuum limit a⊥ → 0. The transverse link variable an be
parametrized as
U (x, x⊥, n) = exp [−a⊥An (x, x⊥)] = 1− a⊥An (x, x⊥) + a
2
⊥
2
A2n (x, x⊥) + · · · (2.24)
In the pure gauge eld transverse lattie terms, using the forward lattie derivative
∆fnAm (x, x⊥) ≡
Am (x, x⊥ + a⊥n)−Am (x, x⊥)
a⊥
, (2.25)
and the Baker-Campbell-Hausdor formula
exp(x) exp(y) = exp
(
x+ y +
1
2
[x, y]− + · · ·
)
, (2.26)
one nds that
DµU (x, x⊥, n) = −a⊥ {Fµn (x, x⊥)}+O(a2⊥)
Umn (x, x⊥) = exp {−a2⊥Fmn (x, x⊥) + O(a3⊥)} , (2.27)
with
Fµn (x, x⊥) = ∂µAn (x, x⊥)−∆fnAµ (x, x⊥) + [Aµ (x, x⊥) , An (x, x⊥)]−
Fmn (x, x⊥) = ∆fmAn (x, x⊥)−∆fnAm (x, x⊥) + [Am (x, x⊥) , An (x, x⊥)]−
. (2.28)
Thus the leading terms, as a⊥ → 0, oinide with the ontinuum Yang-Mills ation,∫
d2x
∑
x⊥,n
tr
(
[DµU (x, x⊥, n)]
†DµU (x, , x⊥, n)
)
=
∫
d2x
∑
x⊥,n
[
a2⊥tr (Fµn (x, x⊥)F
µn (x, x⊥)) +O(a3⊥)
]
, (2.29)
∫
d2x
∑
x⊥,m,n
Re tr [Umn (x, x⊥)− 1]
=
∫
d2x
∑
x⊥,m,n
[
a4⊥
2
tr (Fmn (x, x⊥)Fmn (x, x⊥)) +O(a5⊥)
]
. (2.30)
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In ase of the fermioni transverse lattie terms, the a⊥ → 0 limit yields,
1
2
∫
d2x
∑
x⊥,n
a⊥
[
Ψ (x, x⊥ + a⊥n) (r − iγn)U (x, x⊥, n)Ψ (x, x⊥)
+Ψ (x, x⊥) (r + iγn)U † (x, x⊥, n)Ψ (x, x⊥ + a⊥n)
]
=
∫
d2x
∑
x⊥,n
a2⊥
[
i
2
{
Ψ(x, x⊥) γn∆fnΨ (x, x⊥)−
(
∆fnΨ(x, x⊥)
)
γnΨ (x, x⊥)
}
+i Ψ (x, x⊥) γnAn (x, x⊥) Ψ (x, x⊥)
]
(2.31)
+
∫
d2x
∑
x⊥,n
a3⊥
[
r
a2⊥
Ψ (x, x⊥) Ψ (x, x⊥)− r
2
(
∆fnΨ(x, x⊥)
) (
∆fnΨ (x, x⊥)
)]
+O
(
a4⊥
)
.
Thus the terms proportional to r shift the fermion mass by 2κr/a⊥, and add an irrelevant
operator to the fermion ation, while the other terms agree with the ontinuum Dira
ation.
2.4.3 Determination of parameters
The preeding analysis shows that in the ontinuum limit, all the anisotropy oeients
should tend to unity,
a⊥ → 0 : λcl, λll, κ→ 1. (2.32)
The transverse lattie ation then redues to the onventional ontinuum ation
S = SG + SF
→ Nc
4g2
∫
d2x
∫
d2x⊥ [F µν(x, x⊥)Fµν(x, x⊥) + F µn(x, x⊥)Fµn(x, x⊥)
+Fmn(x, x⊥)Fmn(x, x⊥)] (2.33)
+
∫
d2x
∫
d2x⊥ Ψ (x, x⊥) [iγµ (∂µ + Aµ (x, x⊥))
+iγn (∂n + An (x, x⊥))−m] Ψ (x, x⊥) .
In the quantum theory, the gauge oupling g gets onverted to the QCD sale ΛQCD by
dimensional transmutation, while the quark mass m is not a physial observable. They
have to be determined using experimentally observed hadroni properties as input.
When the transverse lattie ut-o is nite, quantum renormalization eets make
the anisotropy oeients dierent from unity, i.e. they beome funtions of a⊥. For
small values of a⊥, these oeients an be omputed using perturbation theory, and they
remain nite. In general, they must be determined non-perturbatively, by demanding that
physial observables satisfy rotational symmetry as losely as possible. Convenient hoies
for enforing rotational symmetry are isotropy of the energy-momentum dispersion relation,
and degeneray of multiple heliity states of hadrons with non-zero angular momentum.
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ΛQCD and quark masses have to be determined from hadroni properties as usual, and so
more physial onditions have to be imposed to x all the parameters of the theory. For
Wilson fermions in partiular, m ontains a power-law divergene as a⊥ → 0, and therefore
it always needs to be xed using a non-perturbative riterion. The onventional hoie is
to dene the hiral limit for Wilson fermions as the value of m (not neessarily zero)
where the pseudosalar meson mass vanishes.
The strong transverse gauge oupling limit an be viewed as the extreme ase of
anisotropi renormalization group evolution, where the transverse lattie ut-o sale is
lowered as far as possible. In this limit a⊥ is O(ΛQCD), and we expet the anisotropy
oeients for the gauge eld terms (λcl, λll) to vanish. We also do not expet any phase
transition to take plae during the renormalization group evolution from small a⊥ to its
largest value. These expetations are based on the non-perturbative behaviour of 4-dim
lattie QCD, and are supported by leading order perturbative alulations [5℄ that show
logarithmi behaviour for λcl, λll. Thus the ation we have studied in this thesis is
S⊥ =
Nca
2
⊥
4g2
∫
d2x
∑
x⊥
tr (F µν (x, x⊥)Fµν (x, x⊥))
+ a2⊥
∫
d2x
∑
x⊥
Ψ(x, x⊥) [iγµDµ −m] Ψ (x, x⊥) (2.34)
+
κa⊥
2
∫
d2x
∑
x⊥,n
[
Ψ(x, x⊥ + a⊥n) (r − iγn)U (x, x⊥, n)Ψ (x, x⊥)
+Ψ (x, x⊥) (r + iγn)U † (x, x⊥, n)Ψ (x, x⊥ + a⊥n)
]
.
Compared to the ontinuum ation, eq.(2.33), this ation has only one more parameter,
i.e. κ. Sine the powers of a⊥ that aompany fators of g2 and κ are obvious, in order to
simplify expressions, we hoose the units suh that a⊥ = 1.
2.5 The generating funtional
The hadroni physis is buried in various quark-antiquark orrelations funtions. As ex-
plained in previous setions, large-Nc and strong transverse gauge oupling expansions
ombine eiently to produe reasonable mesoni struture in the leading order. This
setion is devoted to omputing the generating funtional of quark-antiquark orrelation
funtions in these limits.
Sine we are primarily interested in the quark-antiquark orrelation funtions, we add
a suitable soure term to the ation, eq.(2.34),
I = S +
∫
d2xd2y
∑
x⊥,y⊥
Jαβij (x, x⊥; y, y⊥)Ψ
α
i (x, x⊥)Ψ
β
j (y, y⊥) . (2.35)
The generating funtional, Z [J ], is given by
Z [J ] =
∫
[DA] [DU ]
[
DΨ ·DΨ] exp [iI + (gauge terms)] , (2.36)
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where gauge terms stand for the gauge xing terms as well as the orresponding ghost
determinant. The time-ordered quark-antiquark orrelation funtions an be obtained by
taking funtional derivatives of W [J ] ≡ −i lnZ [J ] with respet to J . For example,
〈
T
(
Ψ
α
i (x, x⊥)Ψ
β
j (y, y⊥)
)〉
=
∂W [J ]
∂Jαβij (x, x⊥; y, y⊥)
∣∣∣∣∣
J=0
, (2.37)
〈
T
(
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)Ψ
γ
k (z, z⊥)Ψ
δ
l (w,w⊥)
)〉
−
〈
T
(
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)
)〉 〈
T
(
Ψ
γ
k (z, z⊥) Ψ
δ
l (w,w⊥)
)〉
(2.38)
= −i ∂
2W [J ]
∂Jαβij (x, x⊥; y, y⊥) ∂J
γδ
kl (z, z⊥;w,w⊥)
∣∣∣∣∣
J=0
.
So if one is interested in omputing the quark propagator and the quark-antiquark sat-
tering amplitude, then W [J ] should be known to O (J2). Before presenting the tehnial
details of the alulation, we outline the essential features of the omputation of W [J ].
1. In the strong transverse gauge oupling limit, the dynamis of dierent x⊥-hyperplanes
does not ompletely deouple. Colour singlet hadron states an jump from one hy-
perplane to the next, and the fermion transverse hopping term (with oupling κ)
ontinues to ontribute in this limit.
2. We work in the light front gauge A+ = 0. There are no ghost terms in this gauge.
Also the funtional integral over A− beomes purely Gaussian, and an be evaluated
exatly. This integration shows that the sole outome of the light-front longitudinal
gauge eld is to mediate a linear Coulomb interation between quarks and antiquarks,
when they are propagating in a given hyperplane.
3. The integration over transverse gauge link variables an be performed exatly in the
large-Nc limit. This results in non-loal interations between loal fermion bilinears.
4. The fermioni funtional integration is arried out in the large-Nc limit by rewriting
the integral in terms of non-loal bosoni variables. The large-Nc limit of the integral
is then equivalent to the stationary point limit of the bosonized funtional integral.
Now we demonstrate this alulation in detail. By saling all elds by their anonial
dimensions using the lattie spaing a⊥, one an work exlusively with dimensionless quan-
tities:
x′µ = xµ/a⊥ x
′
⊥ = x⊥/a⊥ (2.39)
Ψ′ (x′, x′⊥) = (a⊥)
3
2 Ψ (x, x⊥) Ψ
′
(x′, x′⊥) = (a⊥)
3
2 Ψ(x, x⊥)
U ′ (x′; x′⊥, n) = U (x; x⊥, n) A
′
µ (x
′, x′⊥) = a⊥Aµ (x, x⊥) (2.40)
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Heneforth we assume that this has been done, and
S⊥ =
Nc
4g2
∫
d2x
∑
x⊥
tr [F µν (x, x⊥)Fµν (x, x⊥)]
+
∫
d2x
∑
x⊥
Ψ(x, x⊥) [iγµDµ −m] Ψ (x, x⊥) (2.41)
+
κ
2
∫
d2x
∑
x⊥,n
[
Ψ (x, x⊥ + n) (r − iγn)U (x, x⊥, n) Ψ (x, x⊥)
+Ψ (x, x⊥) (r + iγn)U † (x, x⊥, n)Ψ (x, x⊥ + n)
]
The funtional integral in the light-front gauge, A+ = 0, is
Z [J ] =
∫ [
DA−
]
[DU ]
[
DΨ ·DΨ]
× exp
[
i
∫
d2x
∑
x⊥
Ψ
α
i (x, x⊥) (iγ
µ∂µ −m)αβij Ψβj (x, x⊥)
+i
∫
d2xd2y
∑
x⊥,y⊥
Ψ
α
i (x, x⊥) J
αβ
ij (x, x⊥; y, y⊥)Ψ
β
j (y, y⊥)
]
(2.42)
× exp
[
iκ
2
∫
d2x
∑
x⊥,n
{
Ψ
α
i (x, x⊥ + n⊥) (r − iγn)αβ Uij (x; x⊥, n) Ψβj (x, x⊥)
+Ψ
α
i (x, x⊥) (r + iγ
n)αβ U †ij (x; x⊥, n) Ψ
β
j (x, x⊥ + n⊥)
}]
× exp
[
− 1
2
∫
d2x
∑
x⊥
A−ij (x, x⊥)
(
−iNc
g2
δilδjk∂
2
−A
−
kl (x, x⊥)
)
−
∫
d2x
∑
x⊥
(
Ψi (x, x⊥) γ+Ψj (x, x⊥)
)
A−ij (xx⊥)
]
The Gaussian funtional integral over the A− variables produes a non-loal interation
term, whih is quadrati in fermion bilinears (we suppress the overall normalization on-
stant that does not aet expetation values).
Z [J ] =
∫
[DU ]
[
DΨ ·DΨ]
× exp
[
i
∫
d2x
∑
x⊥
Ψ
α
i (x, x⊥) (iγ
µ∂µ −m)αβij Ψβj (x, x⊥)
+i
∫
d2xd2y
∑
x⊥,y⊥
Ψ
α
i (x, x⊥) J
αβ
ij (x, x⊥; y, y⊥)Ψ
β
j (y, y⊥)
]
× exp
[
− ig
2
2Nc
∫
d2xd2y
∑
x⊥,y⊥
(
γ+
)αβ (
γ+
)γδ
δx⊥y⊥h (x− y) (2.43)
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· Ψαi (x, x⊥) Ψδi (y, y⊥) Ψ
γ
j (y, y⊥) Ψ
β
j (x, x⊥)
]
× exp
[
iκ
2
∫
d2x
∑
x⊥,n
{
Ψ
α
i (x, x⊥ + n) (r − iγn)αβ Uij (x; x⊥, n) Ψβj (x, x⊥)
+Ψ
α
i (x, x⊥) (r + iγ
n)αβ U †ij (x; x⊥, n) Ψ
β
j (x, x⊥ + n)
}]
,
where h(x−y) satises ∂2−h(x−y) = δ(2)(x−y). The next step is to arry out the funtional
integral over the U variables. In the large-Nc limit [2℄ [16℄,
Z [J ] =
∫ [
DΨ ·DΨ]
× exp
[
i
∫
d2x
∑
x⊥
Ψ
α
i (x, x⊥) (iγ
µ∂µ −m)αβij Ψβj (x, x⊥)
+i
∫
d2xd2y
∑
x⊥,y⊥
Ψ
α
i (x, x⊥)J
αβ
ij (x, x⊥; y, y⊥) Ψ
β
j (y, y⊥)
]
× exp
[
− ig
2
2Nc
∫
d2xd2y
∑
x⊥,y⊥
(
γ+
)αβ (
γ+
)γδ
δx⊥y⊥h (x− y) (2.44)
· Ψαi (x, x⊥)Ψδi (y, y⊥)Ψγj (y, y⊥)Ψβj (x, x⊥)
]
× exp
[
−Nc
∫
d2x
∑
x⊥,n
trD
{√
1 +
κ2
N2c
B (x; x⊥, n)− 1
− ln
(
1
2
+
1
2
√
1 +
κ2
N2c
B (x; x⊥, n)
)}]
,
where B (x; x⊥, n) is a matrix in Dira spae with matrix elements
Bαβ (x; x⊥, n) = −Ψαi (x, x⊥ + n) Ψδi (x, x⊥ + n)
(
r + iγTn
)δγ
· Ψγj (x, x⊥) Ψτj (x, x⊥)
(
r − iγTn
)τβ
(2.45)
To perform the funtional integral over the fermion variables, we use a simple trik (see
Appendix B, eq.(B.8)). We rst introdue auxiliary non-loal bosoni variables to rewrite
the four-fermion interation term in terms of fermion bilinears, and then integrate out the
fermion variables.
Z [J ] =
∫
[Dσ ·Dλ] exp [iV (σ, λ; J)] , (2.46)
where
σαβ(x, x⊥; y, y⊥) = Ψ
α
i (x, x⊥)Ψ
β
i (y, y⊥) . (2.47)
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Then
V [σ, λ; J ] = −f1 [σ] + if2 [σ]− i
∫
d2x Tr
(
ln [−iλ(x, x⊥; x, x⊥)]
)
+
∫
d2xd2y
[
λαβij (x, x⊥; y, y⊥)σ
αβ
ij (x, x⊥; y, y⊥) (2.48)
+σαβij (x, x⊥; y, y⊥)
(
δx⊥y⊥ (iγ
µ∂µ −m)αβij δ2 (x− y) + Jαβij (x, x⊥; y, y⊥)
)]
,
with
f1 [σ] =
g2
2Nc
∫
d2xd2y
∑
x⊥,y⊥
(
γ+
)αβ (
γ+
)γδ
· δx⊥y⊥h (x− y)σαδii (x, x⊥; y, y⊥)σγβjj (y, y⊥; x, x⊥) , (2.49)
f2 [σ] = Nc
∫
d2x
∑
x⊥,n
trD
(
f˜2 [B (x; x⊥, n)]
)
, (2.50)
f˜2 [B] =
√
1 +
κ2
N2c
B − 1− ln
(
1
2
+
1
2
√
1 +
κ2
N2c
B
)
. (2.51)
The matrix elements of B expressed in terms of σ are,
Bαβ (x; x⊥, n) = −σαδii (x, x⊥ + n; x, x⊥ + n)
(
r + iγTn
)δγ
· σγτjj (x, x⊥; x, x⊥)
(
r − iγTn
)τβ
. (2.52)
In the large-Nc limit, V [σ, λ; J ] is of O (Nc). Therefore, the Nc → ∞ limit amounts to
evaluating the funtional integral at its stationary point. The stationary point (σ, λ) is
determined by
∂V
∂λαβij (x, x⊥; y, y⊥)
∣∣∣∣∣
σ,λ
= −i
(
λ
−1)βα
ji
(y, y⊥; x, x⊥) + σ
αβ
ij (x, x⊥; y, y⊥) = 0 , (2.53)
∂V
∂σαβij (x, x⊥; y, y⊥)
∣∣∣∣∣
σ,λ
= λ
αβ
ij (x, x⊥; y, y⊥) + δx⊥y⊥ (iγ
µ∂µ −m)αβij δ2 (x− y)
+Jαβij (x, x⊥; y, y⊥)−
g2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y)δx⊥y⊥σγδkk (y, y⊥; x, x⊥)
−iNcδijδ2 (x− y) δx⊥y⊥ (2.54)
·
∑
n
{(
r + iγTn
)
σkk (x, x⊥ − n; x, x⊥ − n)
(
r − iγTn
)
f˜ ′2 [B (x; x⊥ − n, n)]
+
(
r − iγTn
)
f˜ ′2 [B (x; x⊥, n)] σkk (x, x⊥ + n; x, x⊥ + n)
(
r + iγTn
)}βα
= 0 ,
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where (
f˜ ′2 [B]
)βα
≡ ∂trDf˜2 [B]
∂Bαβ
=

 κ2
2N2c
(
1 +
√
1 + κ
2
N2c
B
)

βα . (2.55)
The rst stationary point equation (2.53) is trivially solved by
λ
αβ
ij (x, x⊥; y, y⊥) = i
(
σ−1
)βα
ji
(y, y⊥; x, x⊥) . (2.56)
Substituting this in the seond stationary point equation (2.54), we obtain
i
(
σ−1
)βα
ji
(y, y⊥; x, x⊥) + δx⊥y⊥ (iγ
µ∂µ −m)αβij δ2 (x− y)
+Jαβij (x, x⊥; y, y⊥)−
g2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y)δx⊥y⊥σγδkk (y, y⊥; x, x⊥)
−iNcδijδ2 (x− y) δx⊥y⊥ (2.57)
·
∑
n
{(
r + iγTn
)
σkk (x, x⊥ − n; x, x⊥ − n)
(
r − iγTn
)
f˜ ′2 [B (x; x⊥ − n, n)]
+
(
r − iγTn
)
f˜ ′2 [B (x; x⊥, n)] σkk (x, x⊥ + n; x, x⊥ + n)
(
r + iγTn
)}βα
= 0 .
Solution of this equation will yield σ as a funtion of J . The large-Nc generating funtional
an then be suintly written as
Z [J ] = exp
[
iV
(
σ, λ; J
)] ⇒ W [J ] = V (σ, λ; J) ≡ Veff (σ; J) , (2.58)
where Veff (σ; J) is obtained by substituting λ in terms of σ. Modulo J-independent terms,
Veff (σ; J) = −f1 [σ] + if2 [σ] + i
∫
d2x
∑
x⊥
[Tr (ln σ) (x, x⊥; x, x⊥)] (2.59)
+
∫
d2xd2y
∑
x⊥y⊥
σαβij (x, x⊥; y, y⊥)
[
δx⊥y⊥ (iγ
µ∂µ −m)αβij δ2 (x− y) + Jαβij (x, x⊥; y, y⊥)
]
.
The generator of 1PI vertex funtions Γ [ϕ] (also known as the eetive ation) is the
Legendre transform of W [J ]. Let the eetive eld ϕ be the variable onjugate to the
external soure J . Then
ϕαβij (x, x⊥; y, y⊥) =
δW [J ]
δJαβij (x, x⊥; y, y⊥)
, (2.60)
Γ [ϕ] = W [J ]−
∫
d2xd2y
∑
x⊥,y⊥
ϕαβij (x, x⊥; y, y⊥) J
αβ
ij (x, x⊥; y, y⊥)
= −f1 [ϕ] + if2 [ϕ] + i
∫
d2x
∑
x⊥
[Tr (lnϕ) (x, x⊥; x, x⊥)] (2.61)
+
∫
d2xd2y
∑
x⊥y⊥
ϕαβij (x, x⊥; y, y⊥)
[
δx⊥y⊥ (iγ
µ∂µ −m)αβij δ2 (x− y)
]
.
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In the large-Nc limit, ϕ = σ +O (1/Nc). It is also easy to show that
δΓ [ϕ]
δϕαβij (x, x⊥; y, y⊥)
= −Jαβij (x, x⊥; y, y⊥) , (2.62)
[
W (2)
]αβ;γδ
ij;kl
(xx⊥, yy⊥; zz⊥, ww⊥) = −
[(
Γ(2)
)−1]αβ;γδ
ij;kl
(xx⊥, yy⊥; zz⊥, ww⊥) , (2.63)
where we have used the abbreviations,
δ2W [J ]
δJαβij (x, x⊥; y, y⊥)δJ
γδ
kl (z, z⊥;w,w⊥)
≡ [W (2)]αβ;γδ
ij;kl
(xx⊥, yy⊥; zz⊥, ww⊥) , (2.64)
δ2Γ [ϕ]
δϕγδkl (z, z⊥;w,w⊥)δϕ
ξη
mn(u, u⊥; v, v⊥)
≡ [Γ(2)]γδ;ξη
kl;mn
(zz⊥, ww⊥; uu⊥, vv⊥) . (2.65)
Chapter 3
The Chiral Condensate
3.1 Chiral symmetry
Consider the transverse lattie ation for free naive fermions
SfreeNF = a
2
⊥
∫
d2x
∑
x⊥
Ψ (x, x⊥) [iγµDµ −m] Ψ (x, x⊥)
+
κa⊥
2
∫
d2x
∑
x⊥,n
[−iΨ (x, x⊥ + a⊥n) γnΨ (x, x⊥) (3.1)
+iΨ(x, x⊥) γ
nΨ (x, x⊥ + a⊥n)
]
.
On-shell fermion modes of this ation satisfy the dispersion relation
E
(
p1, p⊥
)
= ±
[(
p1
)2
+
∑
n
κ2
a2⊥
sin2 (p⊥ · na⊥) +m2
] 1
2
, (3.2)
where E and (p1, p⊥) refer to the energy and three-momentum respetively. Sine the
transverse momenta pn range over the Brillouin zone, − π
a⊥
< pn ≤ π
a⊥
, it follows that
E
(
p1, p⊥
)
= E
(
p1, p⊥ + qπ⊥
)
, (3.3)
where qπ⊥ is one of the four transverse momentum vetors
qπ⊥ =
{
(0, 0) ,
(
π
a⊥
, 0
)
,
(
0,
π
a⊥
)
,
(
π
a⊥
,
π
a⊥
)}
. (3.4)
The onsequene of (3.3) is that in the naive transverse lattie fermions represent four
fermion states per eld omponent. This is the generi fermion doubling phenomenon
on the lattie. In order to get a single fermion state per eld omponent, one an add the
32
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irrelevant Wilson term to the naive fermion ation (f.(2.23)),
SfreeWF = a
2
⊥
∫
d2x
∑
x⊥
Ψ (x, x⊥) [iγµDµ −m] Ψ (x, x⊥)
+
κa⊥
2
∫
d2x
∑
x⊥,n
[
Ψ (x, x⊥ + a⊥n) (r − iγn) Ψ (x, x⊥) (3.5)
+Ψ(x, x⊥) (r + iγn) Ψ (x, x⊥ + a⊥n)
]
.
With the r-dependent terms, the dispersion relation for on-shell fermion modes beomes,
E
(
p1, p⊥
)
= ±

(p1)2 +∑
n
κ2
a2⊥
sin2 [p⊥ · na⊥] +
(
m− κr
a⊥
∑
n
cos [p⊥ · na⊥]
)2
1
2
. (3.6)
This result shows that the p⊥ = 0 mode at the entre of the Brillouin zone is massless at
m = 2κra−1⊥ . Moreover, ompared to this mode, the other p⊥ = q
π
⊥ modes get an additive
ontribution nπ2κra
−1
⊥ to their masses, where nπ is the number of omponents of q
π
⊥ equal
to π/a⊥. The modes with nπ 6= 0 thus beome innitely heavy in the a⊥ → 0 limit, leaving
behind only one physial mode with nite energy at p⊥ = 0. The usefulness of Wilson
fermions omes to fore when there are interations between fermions. In an interating
theory, the fermion doublers, if not eliminated, an aet the physial ontent of the theory
in a non-trivial way.
Returning to the ase of naive lattie fermions, one an show that their group of hiral
symmetries is onsiderably larger than that of the ontinuum theory. Let us nd the
symmetry groups of individual terms in the naive fermion transverse lattie QCD ation.
In terms of variables saled using the lattie spaing a⊥,
SNF =
∫
d2x
∑
x⊥
Ψ (x, x⊥) [iγµDµ −m] Ψ (x, x⊥)
+
κ
2
∫
d2x
∑
x⊥,n
[−iΨ (x, x⊥ + n) γnU (x, x⊥, n) Ψ (x, x⊥) (3.7)
+iΨ (x, x⊥) γ
nU † (x, x⊥, n) Ψ (x, x⊥ + n)
]
.
With x⊥ ≡ (x2, x3), let us dene new spinor variables χ (x, x⊥) and χ (x, x⊥) by
Ψ (x, x⊥) = (γ2)
x2
(γ3)
x3
χ (x, x⊥) ,
Ψ (x, x⊥) = χ (x, x⊥) (γ3)
x3
(γ2)
x2
.
(3.8)
In terms of these new variables, the ation takes the form,
SNF =
∫
d2x
∑
x⊥
χ (x, x⊥)
[
iγµDµ − (−1)x
2+x3 m
]
χ (x, x⊥)
+
κ
2
∫
d2x
∑
x⊥,n
∆n (x⊥) [−iχ (x, x⊥ + n)U (x, x⊥, n)χ (x, x⊥) (3.9)
+iχ (x, x⊥)U † (x, x⊥, n)χ (x, x⊥ + n)
]
,
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where
∆n (x⊥) ≡ ∆n
(
x2, x3
)
=
{
(−1)1+x2+x3 : n = 2 ,
(−1)1+x3 : n = 3 . (3.10)
In this form, the naive fermion transverse lattie QCD ation has been spin-diagonalized
in the transverse spin spae. Let a lattie site be dened as odd (even), if x2 + x3 is odd
(even). The fermion transverse hopping term has an exat global symmetry Uo(4)⊗Ue(4),
dened by the transformations
χ (x, x⊥) → χ′ (x, x⊥) = Uo(e)χ (x, x⊥)
χ (x, x⊥) → χ′ (x, x⊥) = χ (x, x⊥)U †e(o)
}
for x⊥ odd (even). (3.11)
The fermion mass term is invariant only under the diagonal subgroup U∆(4) of Uo(4)⊗Ue(4),
given by Uo = Ue. To see the symmetry group of the ontinuum fermion kineti term, we
hoose a partiular gamma matrix representation:
γ0 =
(
σ1 0
0 σ1
)
, γ1 =
(
iσ2 0
0 iσ2
)
, γ2 =
(
0 iσ3
iσ3 0
)
, γ3 =
(
0 σ3
−σ3 0
)
. (3.12)
We also deompose the fermion spinors in two omponent notation:
χ =
(
ΨP
ΨQ
)
, χ =
(
ΨP ΨQ
)
, (3.13)
In terms of 2-dim spinors ΨP and ΨQ, the naive fermion transverse lattie QCD ation is
SNF =
∫
d2x
∑
λ,x⊥
Ψλ (x, x⊥)
[
i
(
σ1D0 + iσ
2D1
)− (−1)x2+x3 m]Ψλ (x, x⊥)
+
κ
2
∫
d2x
∑
λ,x⊥,n
∆n (x⊥)
[−iΨλ (x, x⊥ + n)U (x, x⊥, n) Ψλ (x, x⊥) (3.14)
+iΨλ (x, x⊥)U † (x, x⊥, n)Ψλ (x, x⊥ + n)
]
,
where the index λ takes two values, P and Q. It is now easy to see that the ontinuum
fermion kineti term is invariant under the UL(2)⊗ UR(2) transformations:
Ψλ →
[
exp
(
iθkV · τk ⊗ 1 + iθkA · τk ⊗ σ3(−1)x2+x3
)]
λλ′
Ψλ′ ,
Ψλ → Ψλ′
[
exp
(−iθkV · τk ⊗ 1 + iθkA · τk ⊗ σ3(−1)x2+x3)]λ′λ , (3.15)
where τk (k = 0, 1, 2, , 3) generate the Lie algebra of the group U(2) ating on index λ.
In summary, the symmetries of individual terms in the naive fermion transverse lattie
QCD ation are:
• Fermion transverse hopping term (with oeient κ): Uo (4)⊗ Ue (4).
• Fermion mass term (with oeient m): U∆(4).
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• Continuum fermion kineti term: UL (2)⊗ UR (2).
When m = 0, the ombined hiral symmetry of the ation is UL (2)⊗UR (2). When m 6= 0,
only the diagonal part of UL (2)⊗UR (2), i.e. UV (2), remains an exat symmetry. The non-
diagonal part of the symmetry is broken expliitly by the mass term, and spontaneously
by the strong interations (as we will show in the following setions).
Eq.(3.15) also demonstrates that the doubling problem for naive fermions an be made
less severe by dropping the sum over λ. This gives the staggered fermion transverse lattie
QCD ation, whih has two omponent spinors, and whih gives rise to two degenerate
fermion avours in the ontinuum limit.
3.2 Quark propagator
The quark propagator is obtained from the generating funtional of onneted quark-
antiquark orrelation funtions using
〈
T
(
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)
)〉
=
∂W [J ]
∂Jαβij (x, x⊥; y, y⊥)
∣∣∣∣∣
J=0
(3.16)
where W [J ] = Veff (σ; J) is given by eq.(2.59). In terms of the solution to the stationary
point equation (2.57),〈
T
(
Ψ
α
i (x, x⊥)Ψ
β
j (y, y⊥)
)〉
= (σ0)
αβ
ij (x, x⊥; y, y⊥) , (3.17)
with σ0 ≡ σ(J = 0). Setting J = 0 in the stationary point equation (2.57), we get
i
(
σ−10
)βα
ji
(y, y⊥; x, x⊥) + δx⊥y⊥ (iγ
µ∂µ −m)αβij δ(2) (x− y)
− g
2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y)δx⊥y⊥ (σ0)γδkk (y, y⊥; x, x⊥)
−iNcδijδ(2) (x− y) δx⊥y⊥ (3.18)
·
∑
n
{(
r + iγTn
)
(σ0)kk (x, x⊥ − n; x, x⊥ − n)
(
r − iγTn
)
f˜ ′2
[
B¯0 (x; x⊥ − n, n)
]
+
(
r − iγTn
)
f˜ ′2
[
B¯0 (x; x⊥, n)
]
(σ0)kk (x, x⊥ + n; x, x⊥ + n)
(
r + iγTn
)}βα
= 0 ,
where B¯0 ≡ B(σ0). We expet σ0 to obey (1 + 1)-dim Poinaré invariane and lattie
translational invariane, and so we parametrize it as
(σ0)
αβ
ij (x, x⊥; y, y⊥) = −i
∫
d2pd2p⊥
(2π)4
e−ip·(y−x)+ip⊥·(y⊥−x⊥)
· δji
[
1
6 p−m− Σ (p, p⊥) + iǫ
]βα
. (3.19)
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In the oinidene limit x → y, the quark propagator is then proportional to the identity
matrix,
(σ0)
αβ
ii (x, x⊥; x, x⊥) = Ncσ˜0δ
αβ . (3.20)
This oinidene limit is singular, and must be regulated. The regulator must be gauge
invariant, and preferably also mass independent. A reasonable hoie is the split-point
regularization used in studying the hiral ondensate in the 't Hooft model [7℄.
Assuming that σ˜0 has been properly regulated, we substitute (3.20) in (2.52) and (2.55),
and obtain
B¯0 (x; x⊥, n) = N2c σ˜
2
0
(
1− r2) 1D , (3.21)
f˜ ′2
[
B¯0
]
=
κ2
2N2c
(
1 +
√
1 + (1− r2) κ2σ˜20
)1D ≡ G1 (σ˜0)
N2c
1D , (3.22)
where 1D is the identity matrix in Dira spae. Using these results, the stationary point
equation (3.18) beomes
i
(
σ−10
)βα
ji
(y, y⊥; x, x⊥) + δx⊥y⊥ (iγ
µ∂µ −m)αβij δ(2) (x− y)
− g
2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y)δx⊥y⊥ (σ0)γδkk (y, y⊥; x, x⊥) (3.23)
+iδijδ
(2) (x− y) δx⊥y⊥δαβ4
(
1− r2) σ˜0G1 (σ˜0) = 0 .
With the parametrization (3.19), this stationary point equation an be onverted to an
integral equation for Σ (p, p⊥),
Σ (p, p⊥) = g2
∫
d2q
(2π)2
P
[
1
(p+ − q+)2
]
γ+
(
1
6 q −m− Σ (q) + iǫ
)
γ+ (3.24)
− 4i (1− r2) σ˜0G1 (σ˜0) .
This is the same equation as in the 't Hooft model (see (B.22)), exept that the quark mass
has been additively renormalized by a onstant that depends on the hiral ondensate. It
an be solved exatly as
Σ (p, p⊥) = Σ
(
p+
)
= − g
2γ+
2πp+
− 4 (1− r2) iσ˜0G1 (σ˜0) . (3.25)
Putting everything together, the quark propagator takes the form〈
T
(
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)
)〉
= (σ0)
αβ
ij (x, x⊥; y, y⊥) (3.26)
= −i
∫
d2p
(2π)2
δji
[
1
6 p− (m− 4 (1− r2) iσ˜0G1 (σ˜0)) + g2γ+2πp+ + iǫ
]βα
e−ip·(y−x)δx⊥y⊥ .
In partiular, for Wilson fermions (r = 1), the additive orretion to the quark mass
vanishes. The quark propagator then redues to that for the 't Hooft model (see (B.25)).
This feature is a onsequene of the fat that the Dira spae struture for the Wilson
fermion hopping term has projetion operator form.
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3.3 Chiral ondensate
Spontaneous hiral symmetry breaking is an important phenomenologial property of the
strong interations (see for instane [27℄). Approximate hiral symmetry, SUL(2)⊗SUR(2),
arises in QCD, beause the two light quarks, u and d, have masses muh smaller than ΛQCD.
(Inlusion of the somewhat heavier s quark, extends the approximate hiral symmetry to
SUL(3)⊗SUR(3).) Unbroken hiral symmetry is undesirable, beause it predits nearly de-
generate parity doublets for hadronsa property that is in ontradition with experimental
fats. The onit is avoided by realizing that the QCD vauum spontaneously breaks the
SUL(2) ⊗ SUR(2) symmetry to its diagonal subgroup SUV (2), i.e. in the same diretion
as the expliit breaking produed by the quark mass term. This pattern of spontaneous
symmetry breaking predits the existene of nearly massless pseudo-Goldstone boson with
the same quantum numbers as the broken axial symmetry generators. In fat, the lightest
hadrons are pions with preisely these quantum numbers, and one identies the pions as
the pseudo-Goldstone bosons. A non-zero vauum expetation value of ΨΨ, as m→ 0, is
an indiator of spontaneous hiral symmetry breaking. Demonstration of this behaviour
in QCD involves all the ompliations of strong interation dynamis, and we now analyse
this feature in large-Nc strong transverse oupling QCD.
3.3.1 Naive fermions
We have desribed the hiral symmetry properties of transverse lattie QCD in setion
(3.1). Only for fermions with r = 0, hiral symmetry an be spontaneously broken. We
thus have to demonstrate that that the hiral ondensate
〈
ΨΨ
〉
is non-zero in the hiral
limit for naive fermions. From eq. (3.26), it follows that σ˜0 (whih is the hiral ondensate
up to a proportionality fator) satises the reursive relation,
iCσ˜0 =
∫
d2p
(2π)2
trD
[
1
6 p− (m− 4iσ˜0G1 (σ˜0)) + g2γ+2πp+ + iǫ
]
. (3.27)
where,
G1 (σ˜0) =
κ2
2
[
1 +
√
1− κ2 (iσ˜0)2
] . (3.28)
The integral over p− an be easily evaluated, with the prinipal value presription [11℄,
iσ˜0 =
∫
d2p
(2π)2
[
m− 4iσ˜0G1 (σ˜0)
2p+p− − (m− 4iσ˜0G1 (σ˜0))2 + g2π + iǫ
]
= −i
(
m− 4iσ˜0G1 (σ˜0)
4π
)∫ ∞
0
dp+
p+
. (3.29)
The remaining integral over p+ is logarithmially divergent. This divergene is along the
light-front, and needs areful regularization respeting Poinaré and gauge symmetries.
CHAPTER 3. THE CHIRAL CONDENSATE 38
In the limit m → 0, and with the introdution of a regularization kernel K(p+, σ˜0),
eq.(3.29) takes the form
1 =
iG1 (σ˜0)
π
∫ ∞
0
dp+
p+
K(p+, σ˜0) . (3.30)
In ase of the 't Hooft model, Burkardt et al. have evaluated the hiral ondensate of this
form, using split-point regularization and operator formulation [7℄, with the result (B.51).
A similar proedure would give a non-zero hiral ondensate in our ase too, but we have
not been able to evaluate it in a ompat form.
3.3.2 Wilson fermions
For Wilson fermions, hiral symmetry is expliitly broken. The ondensate
〈
ΨΨ
〉
therefore
does not have diret phenomenologial relevane, but we an still alulate it. For r = 1,
the quark propagator is idential in struture to that for the (1 + 1)-dim large-Nc QCD,
exept for the dimensionality of Dira spae. Therefore, when the same regularization is
used in (1 + 1)-dim and (3 + 1)-dim theories,
〈
ΨΨ
〉r=1
(3+1)−dim = 2
〈
ΨΨ
〉
(1+1)−dim
m→0−→−Nc
a3⊥
√
g2
3π
. (3.31)
Chapter 4
The Meson Spetrum
4.1 Quark-antiquark sattering Green's funtion
The time-ordered four-point quark-antiquark Green's funtion an be obtained from the
generating funtionals as〈
T
(
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)Ψ
γ
k (z, z⊥)Ψ
δ
l (w.w⊥)
)〉
−
〈
T
(
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)
)〉 〈
T
(
Ψ
γ
k (z, z⊥) Ψ
δ
l (w,w⊥)
)〉
= −i ∂
2W [J ]
∂Jαβij (x, x⊥; y, y⊥) ∂J
γδ
kl (z, z⊥;w,w⊥)
∣∣∣∣∣
J=0
= i
[(
Γ(2)
)−1]
(xx⊥, yy⊥; zz⊥, ww⊥)
∣∣∣
ϕ=σ0
. (4.1)
Using the eetive ation (2.61), we nd
Γ(2)
∣∣
ϕ=σ0
= S +K , (4.2)
(S)αβ,γδij,kl (xx⊥, yy⊥; zz⊥, ww⊥) = −i
(
σ−10
)βγ
jk
(y, y⊥; z, z⊥)
(
σ−10
)δα
li
(w,w⊥; x, x⊥) , (4.3)
(K)αβ,γδij,kl (xx⊥, yy⊥; zz⊥, ww⊥) =
∂2 (−f1 [ϕ] + if2 [ϕ])
∂ϕαβij (x, x⊥; y, y⊥) ∂ϕ
γδ
kl (z, z⊥;w,w⊥)
∣∣∣∣∣
ϕ=σ0
= − g
2
Nc
δijδklh (x− y) δx⊥y⊥δ2 (x− w) δx⊥w⊥δ2 (y − z) δy⊥z⊥
(
γ+
)αδ (
γ+
)γβ
−i 1
Nc
δijδklδ
2 (x− y) δ2 (x− z) δ2 (x− w) δx⊥y⊥δz⊥w⊥ (4.4)
·
[ (
G1 +
(
1− r2) σ˜20G2) { (r − iγn)αδ (r + iγn)γβ δx⊥−n,z⊥
+ (r + iγn)αδ (r − iγn)γβ δx⊥+n,z⊥
}
− 4 (1− r2)2 σ˜20G2δαδδγβδx⊥,z⊥].
39
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Here G1 and G2 are funtions of σ˜0 given by
G1 (σ˜0) =
κ2
2
(
1 +
√
1 + (1− r2)κ2σ˜20
) , (4.5)
G2 (σ˜0) =
−κ4
4
√
1 + (1− r2)κ2σ˜20
(
1 +
√
1 + (1− r2) κ2σ˜20
)2 . (4.6)
The full quark-antiquark sattering Green's funtion is〈
T
{
Ψ
α
i (x, x⊥) Ψ
β
j (y, y⊥)Ψ
γ
k (z, z⊥)Ψ
δ
l (w.w⊥)
}〉
(4.7)
= (σ0)
αβ
ij (x, x⊥; y, y⊥) (σ0)
γδ
kl (z, z⊥;w,w⊥) + i [S +K]
−1 αβ;γδ
ij;kl (xx⊥, yy⊥; zz⊥, ww⊥) .
The meson spetrum is determined by the poles of this Green's funtion, while the orre-
sponding residues are related to the meson wavefuntions. Clearly, the singularities of the
quark-antiquark sattering Green's funtion are ontained in the zeroes of [S + K]. The
homogenous equation whih determines these zeroes and the orresponding eigenfuntions
is the Bethe-Salpeter equation.
4.2 Bethe-Salpeter equation
In a symboli form, the Bethe-Salpeter equation is
[S +K]χ = 0 . (4.8)
In a more expliit notation,∫
d2zd2w
∑
z⊥w⊥
[
(S)αβ;γδij;kl (xx⊥, yy⊥; zz⊥, ww⊥)
+ (K)αβ,γδij,kl (xx⊥, yy⊥; zz⊥, ww⊥)
]
χγδkl (zz⊥, ww⊥) = 0 . (4.9)
Let us transform this equation to momentum spae. It follows from eq.(3.26) that
(
σ−10
)αβ
ij
(x, x⊥; y, y⊥) = i
∫
d2p
(2π)2
e−ip·(y−x)δx⊥y⊥
· δji
[
γµpµ −
(
m− 4i (1− r2) σ˜0G1)+ g2γ+
2πp+
]βα
. (4.10)
Dene the momentum transform of χαβij (x, x⊥; y, y⊥) by
χαβij (x, x⊥; y, y⊥) =
∫
d4k1
(2π)4
d4k2
(2π)4
χ˜αβij (k1, k1⊥; k2, k2⊥) e
−ik1·x+ik1⊥·x⊥−ik2·y+ik2⊥·y⊥ . (4.11)
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With (4.3), (4.4), (4.10) and (4.11), the momentum spae Bethe-Salpeter equation for
meson states beomes,
i
[
6 k1 −
(
m1 − 4
(
1− r2) iσ˜0G1)+ g2γ+
2πk+1
]αδ
·
[
− 6 k2 −
(
m2 − 4
(
1− r2) iσ˜0G1)− g2γ+
2πk+2
]γβ
χ˜γδji (k2, k2⊥; k1, k1⊥)
+
∫
d4l1
(2π)4
d4l2
(2π)4
δ(4) (k1 + k2 − l1 − l2) 1
Nc
δij
[
g2
(
γ+
)αδ (
γ+
)γβ
P
1(
k+1 − l+1
)2
−i
{
2
(
G1 +
(
1− r2) σ˜20G2) (∑
n
[
r2δαδδγβ + (γn)αδ (γn)γβ
]
cos ((k1⊥ + k2⊥) · n)
+r
∑
n
[
δαδ (γn)γβ − (γn)αδ δγβ
]
sin ((k1⊥ + k2⊥) · n)
)
−4 (1− r2)2 σ˜20G2δαδδγβ}
]
χ˜γδll (l2, l2⊥; l1, l1⊥) = 0 . (4.12)
Rewriting the above equation in an obvious matrix notation, we get
χ˜Tii (p2, p2⊥; p1, p1⊥) =
[
6 p1 + (m1 − 4 (1− r2) iσ˜0G1) + g22πp+
1
γ+
]
p21 − (m1 − 4 (1− r2) iσ˜0G1)2 + g
2
π
+ iǫ
×
∫
d4k1d
4k2
(2π)4
δ(4) (p1 + p2 − k1 − k2)
[
ig2P
1(
p+1 − k+1
)2 γ+χ˜Tjj (k2, k2⊥; k1, k1⊥) γ+
+2
(
G1 +
(
1− r2) σ˜20G2)
·
(∑
n
[
r2χ˜Tjj (k2, k2⊥; k1, k1⊥) + γ
nχ˜Tjj (k2, k2⊥; k1, k1⊥) γ
n
]
cos ((k1⊥ + k2⊥) · n)
+r
∑
n
[
χ˜Tjj (k2, k2⊥; k1, k1⊥) γ
n − γnχ˜Tjj (k2, k2⊥; k1, k1⊥)
]
sin ((k1⊥ + k2⊥) · n)
)
−4 (1− r2)2 σ˜20G2χ˜Tjj (k2, k2⊥; k1, k1⊥)
]
(4.13)
×
[
− 6 p2 + (m2 − 4 (1− r2) iσ˜0G1)− g22πp+
2
γ+
]
p22 − (m2 − 4 (1− r2) iσ˜0G1)2 + g
2
π
+ iǫ
.
Without loss of generality, we sale the longitudinal momenta as
p+1 + p
+
2 = 1, p
+
1 = x, k
+
1 = y = y1, k
+
2 = y2, (4.14)
and hoose to work in a referene frame where the total inoming and outgoing transverse
momenta vanish,
p1⊥ + p2⊥ = 0 . (4.15)
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In suh a ase, exept for the external quark propagators and the eigenfuntion χ˜, all
other fators in eq.(4.13) are independent of the - and ⊥ momentum omponents.
This instantaneous nature of the Bethe-Salpeter kernel makes it onvenient to projet the
Bethe-Salpeter equation on the light-front by [3℄
Φ (x) =
∫
dp−1 dp
−
2
d2p1⊥
(2π)2
d2p2⊥
(2π)2
δ
(
M2
2
− p−1 − p−2
)
δ(2) (p1⊥ + p2⊥)
χ˜Tii
(
p−2 , 1− x, p2⊥; p−1 , x, p1⊥
)
. (4.16)
Performing a simple ontour integral over p−1 , we obtain the homogeneous equation[
M2 − (m1 − 4 (1− r
2) iσ˜0G1)
2 − g2
π
x
− (m2 − 4 (1− r
2) iσ˜0G1)
2 − g2
π
1− x
]
Φ(x)
=
1
2x(1 − x)
[
(m1 − 4 (1− r2) iσ˜0G1)2 − g2π
2x
γ+ + xγ− +
(
m1 − 4
(
1− r2) iσ˜0G1)+ g2γ+
2πx
]
×
∫ 1
0
dy
(2π)
{
g2P
1
(x− y)2γ
+Φ(y)γ+
−i
(
2
(
G1 +
(
1− r2) σ˜20G2) [2r2Φ(y) +∑
n
γnΦ(y)γn
]
− 4 (1− r2)2 σ˜20G2Φ(y)
)}
×
[
−
(
M2
2
− (m1 − 4 (1− r
2) iσ˜0G1)
2 − g2
π
2x
)
γ+
−(1− x)γ− + (m2 − 4 (1− r2) iσ˜0G1)− g2γ+
2π(1− x)
]
. (4.17)
Solutions to this equation provide the meson spetrum and light-front wavefuntions.
4.3 Meson properties
The integral equation (4.17) is quite ompliated, and it has to be solved numerially in
general. But by omparing it to the orresponding equation for the 't Hooft model, (B.37),
we observe that four hanges have taken plae in going from the (1+ 1)-dim theory to our
(3 + 1)-dim ase:
• The meson wavefuntion has beome a matrix in Dira spae. Physial meson states
labeled by spin-parity quantum numbers have to be obtained by diagonalization of
the matrix integral equation.
• The quark mass has been additively renormalized due to hopping in the transverse
diretions (tadpole diagrams), m→ m˜ = m− 4(1− r2)iσ˜0G1.
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• The transverse lattie dynamis has shifted the interation kernel by a term, indepen-
dent of the longitudinal momentum fration x but dependent on the spin-parity of
the meson. This wavefuntion at the origin eet is a result of the strong transverse
gauge oupling whih does not allow the quark and the antiquark to separate.
• The δ-funtion onstraint in the transverse diretions makes the meson orbital angu-
lar momentum Lz vanish. Then Jz = Sz, and with spin-half quarks, the meson he-
liities are restrited to 0,±1. Allowed spin-parity quantum numbers for the mesons
are therefore JP = 0±, 1±.
These hanges are simple enough, so that even without expliitly solving (4.17), we an
infer some of the meson properties, based on the known results of the 't Hooft model
and noting that extrapolation in κ from zero to non-zero value is smooth. We nd it
onvenient to desribe the meson wavefuntions in the basis that is a diret produt of the
usual Cliord bases in the ontinuum and the lattie diretions:
Φ =
∑
C,L
ΦC;LΓ
C;L , (4.18)
ΓM = ΓC ⊗ ΓL =
{
1, γ+, γ−,
1
2
[γ+, γ−]
}
⊗
{
1, γ1, γ2,
1
2
[γ1, γ2]
}
. (4.19)
In this basis,
∑
n γ
nΦC,Lγ
n ∝ ΦC,L for eah value of L. The sixteen omponents of (4.17),
therefore, separate in to four bloks (labeled by the value of L) of four omponents eah.
In addition, parity remains an exat symmetry in eah blok.
It is then easy to dedue the following features:
• The singular part of the interation kernel is the same as in the `t Hooft model. It is
this part whih determines the behaviour of nite norm solutions at the boundaries
at x = 0 and x = 1 [26℄, and only the omponents Φ−;L ontribute to it. We thus
expet Φ−;L to vanish at the boundaries as xβ1 and (1− x)β2 , where
πβ1 cot (πβ1) = 1− m˜
2
1π
g2
, πβ2 cot (πβ2) = 1− m˜
2
2π
g2
. (4.20)
• The light-front wavefuntions are gauge invariant by onstrution, and they are re-
strited to the nite box x ∈ [0, 1]. The nite box size guarantees that the spetrum
of M2 is purely disrete [11℄. In eah spin-parity setor, meson states an thus be
labeled by a radial exitation quantum number n = 1, 2, 3, . . ..
• For large n, the behaviour of eigenvalues and eigenfuntions of the integral equation
is governed only by the singular part of the interation kernel. Then as in the 't Hooft
model [26℄,
M2n ≃ πg2n
Φn−;L(x) ≃
√
2 sin (πnx)
}
n≫ 1 . (4.21)
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The non-singular spin-parity dependent part of the interation kernel, arising from
the transverse lattie dynamis, only provides an n-independent zero-point energy
shift. We thus expet parallel innite towers of meson states in the M2 − n plane,
labeled by spin-parity quantum numbers.
• Under the exhange of the quark and the antiquark, the meson wavefuntion trans-
forms as EqqΦ(x;m1, m2) = CΦ
T (1 − x;m2, m1)C−1, where C is the harge onju-
gation operator. Eq.(4.17) is invariant under this exhange operation (it is easier to
see this before performing the ontour integral over p−1 ). Although parity is an exat
symmetry of our formalism, it is not manifest, beause the light-front is not invariant
under parity transformation. The (x ↔ 1 − x) part of Eqq an be assoiated with
parity, however, whih implies that meson states in eah tower alternate in parity as
in the 't Hooft model. Sine Φ1−;L is symmetri, and the quark and the antiquark
have opposite intrinsi parities, the lowest meson state in eah tower has negative
parity and P = (−1)n.
• The parity symmetry is exat in every blok labeled by L, so the eight possible spin-
parity quantum numbers are distributed in to the four bloks as two states of opposite
parity in eah blok. Expliitly, in the onventional notation, {π, a1(0)} ∈ ΦC;n1n2 ,
{ρ(n), a1(n)} ∈ ΦC;n and {ρ(0), σ} ∈ ΦC;1.
• Another onsequene of the parity symmetry is that the equations for the omponents
ΦC;n1 and ΦC;n2 are degenerate. This feature implies idential masses for meson states
with heliity= ±, whih orrespond to the transverse lattie ombinations (n1± in2)
(e.g. in ase of vetor and axial mesons). There are thus three independent towers
of meson states. Note that heliity an be dened only modulo-4 on a transverse
square lattie, and expliit breaking of rotational symmetry makes the equations for
the heliity= 0 state and the heliity= ± states non-degenerate.
• Fitting the meson spetrum to experimental results requires determination of the
parameters g2 and κ, in addition to the quark masses. It would be onvenient to x
g2 using the slope of the innite towers of states, and κ by demanding (to the extent
possible) degeneray of heliity= 0,± states.
Now we onsider the ases of naive and Wilson fermions expliitly.
4.3.1 Naive fermions
For r = 0, the meson integral equation beomes[
M2 − (m− 4iσ˜0G1)
2 − g2
π
x
− (m− 4iσ˜0G1)
2 − g2
π
1− x
]
Φ(x)
=
1
2x(1− x)
[
(m− 4iσ˜0G1)2 − g2π
2x
γ+ + xγ− + (m− 4iσ˜0G1) + g
2γ+
2πx
]
(4.22)
CHAPTER 4. THE MESON SPECTRUM 45
×
∫ 1
0
dy
(2π)
{
g2P
1
(x− y)2γ
+Φ(y)γ+ − i
(
2
(
G1 + σ˜
2
0G2
)∑
n
γnΦ(y)γn − 4σ˜20G2Φ(y)
)}
×
[
−
(
M2
2
− (m− 4iσ˜0G1)
2 − g2
π
2x
)
γ+ − (1− x)γ− + (m− 4iσ˜0G1)− g
2γ+
2π(1− x)
]
In this ase, unbroken hiral symmetry of the ation implies that the hiral limit of the
theory is at m = 0.
4.3.2 Wilson fermions
For r = 1, the meson integral equation beomes[
M2 − m
2 − g2
π
x
− m
2 − g2
π
1− x
]
Φ(x) =
1
2x(1− x)
[
m2 − g2
π
2x
γ+ + xγ− +m+
g2γ+
2πx
]
×
∫ 1
0
dy
(2π)
{
g2P
1
(x− y)2γ
+Φ(y)γ+ − iκ2
[
2Φ(y) +
∑
n
γnΦ(y)γn
]}
×
[
−
(
M2
2
− m
2 − g2
π
2x
)
γ+ − (1− x)γ− +m− g
2γ+
2π(1− x)
]
(4.23)
This equation is quite lose in struture to the 't Hooft equation, beause the tadpole
renormalization of quark mass vanishes.
It is easy to see that the transverse part of the interation kernel vanishes for the
omponent Φ−;n1n2 , for any value of κ. It follows that Φ−;n1n2 is an eigenstate of the equation
with eigenvalue zero, when m = 0. This is the pseudosalar Goldstone boson of the theory,
with the orresponding wavefuntion Φ1−;n1n2 = 1, just as in the ase of the 't Hooft model.
The fat that the hiral limit of the theory is at m = 0 is a remarkable result, quite likely
onneted to the fat that the Wilson fermion transverse hopping term is onstruted using
projetion operators in Dira spae. We feel that with a simple struture and an exat
hiral limit at m = 0, numerial investigations of (4.23) will not be too ompliated.
A result of partiular interest is the Goldstone boson deay onstant, sine that allows
us to estimate the overall sale of the theory. It is the same as that for the 't Hooft model,
exept for the hange in dimensionality of Dira spae,
(fπ)
r=1
(3+1)−dim =
√
2 (fπ)(1+1)−dim
m→0−→ 1
a⊥
√
2Nc
π
. (4.24)
Using Nc = 3 and the experimental value f
exp
π ≃ 132 MeV, we obtain an estimate of the
lattie ut-o, π/a⊥ ≃ 300 MeV.
4.4 Outlook
It is important to study bound states in QCD from rst priniples, beause detailed quan-
titative understanding of hadroni phenomena requires that. We have approahed this
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problem in the transverse lattie QCD formulation, exploiting properties of large-Nc and
strong transverse gauge oupling limits. In these limits, we have expliitly obtained the
generating funtional of (3 + 1)-dim QCD, starting from only quark and gluon degrees of
freedom and no ad ho model assumptions. Our study has been limited to mesons, and
we have derived an integral equation satised by the meson light-front wavefuntions. Ex-
tration of detailed properties (e.g. masses and form fators) from this equation requires
numerial solutions to this integral equation. To study baryons, we have to nd soliton
solutions to the eetive ation alulated here in dierent baryon number setors, and to
study glueballs, we have to go to subleading orders in strong transverse gauge oupling
expansion.
Other groups have also studied bound states using the transverse lattie approah. We
refer the reader to the detailed review of Burkardt and Dalley for a survey [6℄. They study
transverse lattie QCD in the Hamiltonian formulation, using the olour-dieletri expan-
sion. In the dieletri formulation, SU(Nc) group elements representing physial gluon
elds, are replaed by general matrix variables orresponding to gluon elds smeared over
short distane sales. These dieletri variables arry olour degrees of freedom, and form
an eetive gauge theory with a simple vauum struture. The number of possible intera-
tion terms in this eetive gauge theory is muh larger than in QCD. The requirements of
symmetry restoration help in organization of these interation terms, in a hierarhy suit-
able for pratial solutions. To date, all suh solutions have been obtained in the large-Nc
limit, whih has restrited them to mesons and glueballs. Moreover, they have not been
able to sum the transverse hopping expansion to all orders, and so they an not extrat
detailed hiral properties from their results.
Appendix A
Notations and Conventions
A.1 Spae-time
A point in (1+3)-dimMinkowski spae time is speied by the oordinates xµ, µ = 0, 1, 2, 3.
x0 is the time oordinate, while x1, x2, x3 are spatial oordinates. The metri tensor of
(1 + 3)-dim Minkowski spae is
gµν = g
µν ≡


+1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , (A.1)
and the invariant distane is
ds2 ≡ gµνdxµdxν =
(
dx0
)2 − (dx1)2 − (dx2)2 − (dx3)2 . (A.2)
It is impliitly understood that repeated indies are to be summed over their appropriate
range, unless expliitly stated otherwise. The spae-time indies µ, ν, . . . are raised or
lowered by ontration with the metri gµν or gµν .
V µ = gµνVν Vµ = gµνV
ν
V µ ≡ (V 0, V 1, V 2, V 3) Vµ ≡ (V 0,−V 1,−V 2,−V 3) (A.3)
Derivatives with respet to ontravariant (xµ) or ovariant (xµ) oordinates are abbreviated
as
∂µ ≡ ∂
∂xµ
, ∂µ ≡ ∂
∂xµ
. (A.4)
The light-front oordinates are dened as
x± =
(x0 ± x1)√
2
, x± =
(x0 ± x1)√
2
, x⊥ =
(
x2, x3
)
, x⊥ = (x2, x3) , (A.5)
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where x+, x− and x⊥ are the light-front time, longitudinal and transverse oordinates
respetively. The invariant distane in terms of light-front oordinates is
ds2 = 2dx+dx− − (dx2)2 − (dx3)2 . (A.6)
For any four-vetor V µ, V ± = V∓ while V ⊥ = −V⊥. In terms of the light-front omponents,
the salar produt of two arbitrary four-vetors V µ and W µ takes the form
V µWµ = V
+W− + V −W+ − V 2W 2 − V 3W 3 . (A.7)
If pµ is the four-momentum, then p−, p+ and p⊥ are the light-front energy, longitudinal
momentum and transverse momentum respetively. p2 = pµp
µ = m2 for a real partile of
mass m. The light one energy p− is then
p− =
(
p⊥
)2
+m2
2p+
. (A.8)
The (1 + 3)-dim transverse lattie spae-time is the diret produt of (1 + 1)-dim
Minkowski ontinuum and planar square lattie with lattie spaing a⊥. We denote the
oordinates of a general point in this spae-time by
(
x, x⊥
)
, where x ≡ xµ = (x0, x1) and
x⊥ = (x2, x3) label the oordinates in (1+1)-dim Minkowski ontinuum and planar square
lattie respetively.
A.2 Pauli matries
The Pauli sigma-matries σ1, σ2 and σ3 are the generators of the fundamental representa-
tion of SU(2), i.e. the group of 2× 2 unitary matries, with unit determinant.
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.9)
They satisfy
σiσj = δjk + iǫijkσk. (A.10)
The raising and lowering operators are σ± = 1
2
(σ1 ± iσ2),
σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
. (A.11)
A.3 Dira matries
The Dira gamma-matries {γµ}, with µ ∈ {0, 1, 2, 3}, form a 4-dimensional representation
of the Cliord algebra dened by the antiommumtation relations
[γµ, γν ]+ = 2g
µν . (A.12)
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Further dene
γ5 = γ5 = iγ
0γ1γ2γ3. (A.13)
From the antiommutation relations, it follows that[
γ5, γµ
]
+
= 0 ,
(
γ5
)2
= 1 . (A.14)
We use the partiular matrix representation provided by
γ0 =
(
σ1 0
0 σ1
)
, γ1 =
(
iσ2 0
0 iσ2
)
, γ2 =
(
0 iσ3
iσ3 0
)
,
γ3 =
(
0 σ3
−σ3 0
)
, γ5 =
( −σ3 0
0 σ3
)
. (A.15)
In this ase, γ0, γ5 are hermitian, while γ1, γ2, γ3 are anti-hermitian. Also
γ0 (γµ)† γ0 = γµ. (A.16)
On the light-front,
γ± =
1√
2
(
γ0 ± γ1) . (A.17)
It follows that (γ+)
2
= (γ−)2 = 0, while γ+γ− + γ−γ+ = 2. Expliitly,
γ+ =
( √
2σ+ 0
0
√
2σ+
)
, γ− =
( √
2σ− 0
0
√
2σ−
)
. (A.18)
A.4 Lie algebra of SU (Nc)
The Lie group SU (Nc) is the group of Nc×Nc matries of unit determinant. Every element
V of SU (Nc) an be parametrized as in terms of N
2
c − 1 real parameters labeled as ωa
V = exp

iN2c−1∑
a=1
taωa

 , (A.19)
where ta are the generators of the Lie algebra of SU (Nc) and ωa are real parameters. The
generators are traeless, Hermitean Nc ×Nc matries, i.e.
tr (ta) = 0 , t
†
a = ta. (A.20)
They satisfy the ommutation relations,
[ta, tb]− = ifabctc . (A.21)
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where the struture onstants fabc are ompletely antisymmetri and real. They also obey
a ompleteness relation
N2c−1∑
a=1
(ta)ij (ta)kl = δilδjk −
1
Nc
δijδkl. (A.22)
We use the normalization onvention
tr (tatb) = δab . (A.23)
For a general matrixM in both olour and Dira spae, we denote its elements as Mαβij
(Latin indies for olour and Greek indies for spinor). For its trae, we use the notation
• trae in olour spae: tr(M),
• trae in Dira spae: trD(M),
• trae in olour and Dira spae: Tr(M).
A.5 Parallel transporters
In a gauge theory, parallel transporters are unitary matries, U (Cy;x), forming a map from
direted urves Cy;x to the gauge group. They satisfy the group properties:
• U (∅) = 1 where ∅ is a urve of zero length.
• U (C2 ◦ C1) = U (C2)U (C1), where C2 ◦ C1 is the path omposed of C1 followed by
C2.
• U (−C) = U (C)−1 = U (C)†, where −C denotes the path C traversed in the opposite
diretion.
Under a gauge transformation speied by V (z),
U (Cy;x)→ U ′ (Cy;x) = V (y)U (Cy;x)V −1 (x) . (A.24)
Given the gauge eld Aµ (x), for an innitesimal urve,
U (Cx+dx;x) = 1−Aµ (x) dxµ + · · · . (A.25)
If cµ(t) parametrizes the urve C from cµ(0) = xµ to cµ(s) = yµ, then
d
ds
U (C) = −Aµ (c(s)) dc
µ
dt
∣∣∣∣
t=s
U (C) (A.26)
With the initial ondition U (∅) = 1, the solution is
U (C) = P exp
{
−
∫ s
0
Aµ (c(t))
dcµ
dt
dt
}
≡ P exp
{
−
∫
C
Aµ
(
x, x⊥
)
dxµ
}
, (A.27)
where the symbol P denotes path ordering with respet to the variable t.
Appendix B
The 't Hooft Model
B.1 Preliminaries
The 't Hooft model is the (1+1)-dim SU (Nc) gauge theory, with quarks in the fundamental
representation, in the large-Nc limit. We desribe various aspets of its solution in this
Appendix. We use funtional integral methods, sine that allows the large-Nc limit to be
imposed in a straightforward fashion.
The ation for this theory in terms of the quark and the gluon elds is
S =
Nc
4g2
∫
d2x tr (F µν (x)Fµν (x)) +
∫
d2x
Nf∑
a=1
Ψa(x)[iγ
µDµ −ma]Ψa(x) . (B.1)
When the bare quark masses ma are zero, then the ation is invariant under:
• Single avour ase: UV (1)⊗ UA(1).
• Multi-avour ase: SUL(Nf)⊗ SUR(Nf)⊗ UV (1)⊗ UA(1).
B.2 Generating funtional for quark-antiquark
orrelation funtions
In presene of an external quark bilinear soure term, the generating funtional of the
theory is (for sake of simpliity, we work with a single avour),
Z [J ] =
∫ [
DΨ ·DΨ] [DA] exp [iI [Ψ,Ψ, A]+ (gauge terms)] , (B.2)
I = S +
∫
d2xd2y Ψ
α
i (x)J
αβ
ij (x, y)Ψ
β
j (y) . (B.3)
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Here gauge terms stands for both the hosen gauge as well as the orresponding ghost
determinant. Arbitrary onneted time-ordered quark-antiquark orrelation funtions an
be obtained by taking funtional derivatives of W [J ] ≡ −i lnZ [J ] with respet to J , e.g.
〈
T
(
Ψ
α
i (x) Ψ
β
j (y)
)〉
=
δW [J ]
δJαβij (x, y)
∣∣∣∣∣
J=0
, (B.4)
〈
T
(
Ψ
α
i (x) Ψ
β
j (y)Ψ
γ
k (z) Ψ
δ
l (w)
)〉
−
〈
T
(
Ψ
α
i (x) Ψ
β
j (y)
)〉 〈
T
(
Ψ
γ
k (z) Ψ
δ
l (w)
)〉
= −i δ
2W [J ]
δJαβij (x, y) δJ
γδ
kl (z, w)
∣∣∣∣∣
J=0
. (B.5)
In order to ompute the quark propagator and the quark-antiquark sattering amplitude,
W [J ] should be known to O(J2).
B.3 Computing Z [J ] in large-Nc limit
We work in the ghost-free light-front gauge A+ = A0+A1 = 0. In this gauge, the funtional
integral over the A− variables is purely Gaussian; so A− an be integrated out exatly.
Z [J ] =
∫ [
DΨ ·DΨ] [DA−] exp [i ∫ d2xd2y Ψαi (x)Jαβij (x, y)Ψβj (y)
]
× exp
[
i
∫
d2x Ψ
α
i (x)δij
(
i (γµ)αβ ∂µ −mδαβ
)
Ψβj (x)
]
(B.6)
× exp
[
−1
2
∫
d2x A−ij (x)
(
−iNc
g2
δilδjk∂
2
−A
−
kl (x)
)
−
∫
d2x
(
Ψ
α
i (x)
(
γ+
)αβ
Ψβj (x)
)
A−ij (x)
]
.
The integration over gauge elds produes a non-loal interation term whih is quadrati
in fermion bilinears. Suppressing the overall normalization onstant,
Z [J ] =
∫ [
DΨ ·DΨ] exp [i ∫ d2xd2y Ψαi (x)Jαβij (x, y)Ψβj (y)
]
× exp
[
i
∫
d2x Ψ
α
i (x)δij
(
i (γµ)αβ ∂µ −mδαβ
)
Ψβj (x)
]
(B.7)
× exp
[
− ig
2
2Nc
∫
d2xd2y h (x− y) (γ+)αδ (γ+)γβ Ψαi (x)Ψβi (y)Ψγj (y)Ψδj(x)
]
,
where h(x − y) is the solution of ∂2−h(x − y) = δ(2)(x − y), with the prinipal value
presription as the boundary ondition. To arry out the fermioni integration, we use the
identity [16℄:
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∫ [∏
a dξadξa
]
expTrf
({
ξcξd
})
=
∫ [∏
a dξadξa
] [∏
ab dσabδ
(
σab − ξaξb
)]
expTrf ({σcd})
=
∫ [∏
a dξadξa
]
[
∏
ab dσabdλab] exp
[
iλab
(
σab − ξaξb
)]
expTrf ({σcd}) (B.8)
=
∫
[
∏
ab dσabdλab] det (−iλ) exp [iλabσab + Trf ({σcd})]
=
∫
[
∏
ab dσabdλab] exp
(
Tr
[
ln (−iλ) + iσTλ+ f ({σcd})
])
This identity allows the funtional integral to be written only in terms of biloal bosoni
variables:
Z [J ] =
∫
[Dσ ·Dλ] exp [iV (σ, λ; J)] , (B.9)
where
V (σ, λ; J) = −i
∫
d2x Tr [ln(−iλ(x, x))] +
∫
d2xd2y
[
λαβij (x, y)σ
αβ
ij (x, y)
+ σαβij (x, y)
{
δij
(
i (γµ)αβ ∂µ −mδαβ
)
δ(2) (x− y) + Jαβij (x, y)
}
(B.10)
− g
2
2Nc
h(x− y) (γ+)αδ (γ+)γβ σαβii (x, y)σγδjj (y, x) ].
V (σ, λ; J) is ofO (Nc), so the large-Nc limit of the funtional integral amounts to evaluating
the funtional integral at its stationary point. (This illustrates why the Nc →∞ limit an
be thought of as a lassial limit of a quantum theory; albeit dierent than the lassial
limit orresponding to ~→ 0.) The equations determining the stationary point are:
∂V
∂λαβij (x, y)
∣∣∣∣∣
σ,λ
= −i
(
λ
−1)βα
ji
(y, x) + σαβij (x, y) = 0 (B.11)
∂V
∂σαβij (x, y)
∣∣∣∣∣
σ,λ
= λ
αβ
ij (x, y) + δij
(
i (γµ)αβ ∂µ −mδαβ
)
δ(2) (x− y) + Jαβij (x, y)
− g
2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y) σγδkk (y, x) = 0 (B.12)
The rst stationary point equation implies
λ
αβ
ij (x, y) = i
(
σ−1
)βα
ji
(y, x) . (B.13)
Substitution of this in to the seond stationary point equation yields
i
(
σ−1
)βα
ji
(y, x) + δij
(
i (γµ)αβ ∂µ −mδαβ
)
δ(2) (x− y) + Jαβij (x, y)
− g
2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y) σγδkk (y, x) = 0 . (B.14)
APPENDIX B. THE 'T HOOFT MODEL 54
Solution of (B.14) will yield σ as a funtion of J . Thus we have
Z [J ] = exp
[
iV
(
σ, λ; J
)] ⇒ W [J ] = V (σ, λ; J) ≡ Veff (σ; J) , (B.15)
where Veff (σ; J), obtained by substituting for λ in terms of σ, is given by
Veff (σ; J) = i
∫
d2x Tr [ln σ(x, x)] +
∫
d2xd2y[
σαβij (x, y)
{
Jαβij (x, y) + δij
(
i (γµ)αβ ∂µ −mδαβ
)
δ(2) (x− y)
}
(B.16)
− g
2
2Nc
h(x− y) (γ+)αδ (γ+)γβ σαβii (x, y)σγδjj (y, x) ]
Note that Veff (σ; J) depends on J expliitly, as well as impliitly through σ.
The generator of 1PI vertex funtions Γ [ϕ] is the Legendre transform of W [J ]. In
terms of the eetive eld ϕ onjugate to the external soure J ,
ϕαβij (x, y) =
δW [J ]
δJαβij (x, y)
, (B.17)
Γ [ϕ] = W [J ]−
∫
d2xd2yϕαβij (x, y)J
αβ
ij (x, y)
= i
∫
d2x Tr [lnϕ(x, x)]
+
∫
d2xd2y
[
ϕαβij (x, y) δij
(
i (γµ)αβ ∂µ −mδαβ
)
δ(2) (x− y) (B.18)
− g
2
2Nc
h(x− y) (γ+)αδ (γ+)γβ ϕαβii (x, y)ϕγδjj (y, x) ].
It an be easily seen that in the large-Nc limit, ϕ = σ +O (1/Nc). Also
[
W (2)
]αβ;γδ
ij;kl
(x, y; z, w) = −
[(
Γ(2)
)−1]αβ;γδ
ij;kl
(x, y; z, w) , (B.19)
where W (2) and Γ(2) are funtional seond derivatives of W [J ] and Γ[ϕ] respetively.
B.4 Quark propagator
Let us rst solve the stationary point equation (B.14) when J = 0.
− (σ−10 )βαji (y, x) + iδij (i (γµ)αβ ∂µ −mδαβ) δ(2) (x− y)
−i g
2
Nc
δij
(
γ+
)αδ (
γ+
)γβ
h(x− y) (σ0)γδkk (y, x) = 0 . (B.20)
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σ0 is expeted to be invariant under spae-time translations, and so an be parametrized
as
(σ0)
αβ
ij (x, y) = −i
∫
d2p
(2π)2
δji
[
1
6 p−m− Σ (p) + iǫ
]βα
e−ip·(y−x) (B.21)
With this parametrization, the J = 0 stationary point equation beomes an integral equa-
tion for Σ (p),
Σ (p) = ig2
∫
d2q
(2π)2
P
[
1
(p+ − q+)2
]
γ+
(
1
6 q −m− Σ (q) + iǫ
)
γ+, (B.22)
where the prinipal value presription regularizing the singularity is dened as
P
[
1
z2
]
=
1
2
[
1
(z + iǫ)2
+
1
(z − iǫ)2
]
. (B.23)
(B.22) is just the 't Hooft integral equation for the quark self-energy. The Dira struture
of the equation requires Σ (p) to be proportional to γ+. The instantaneous nature of the
kernel demands that Σ (p) depend only on p+. The equation an then be solved for Σ (p),
Σ (p) = − g
2γ+
2πp+
. (B.24)
From (B.4), (B.15), (B.16) and (B.20), it follows that the J = 0 stationary point, σ0, is
the quark propagator. Expliitly,〈
T
(
Ψ
α
i (x) Ψ
β
j (y)
)〉
= (σ0)
αβ
ij (x, y)
= −i
∫
d2p
(2π)2
δji
[
1
6 p−m+ g2γ+
2πp+
+ iǫ
]βα
e−ip·(y−x) (B.25)
= −i
∫
d2p
(2π)2
δji
[ 6 p+m+ g2γ+
2πp+
p2 −m2 + g2
π
+ iǫ
]βα
e−ip·(y−x) .
B.5 Meson spetrum
The time-ordered four-point quark-antiquark Green's funtion an be obtained from either
W [J ] or Γ [ϕ]. Combining (B.5) and (B.19),〈
T
(
Ψ
α
i (x) Ψ
β
j (y)Ψ
γ
k (z) Ψ
δ
l (w)
)〉
−
〈
T
(
Ψ
α
i (x) Ψ
β
j (y)
)〉 〈
T
(
Ψ
γ
k (z) Ψ
δ
l (w)
)〉
= −i δ
2W [J ]
δJαβij (x, y) δJ
γδ
kl (z, w)
∣∣∣∣∣
J=0
= i
[(
Γ(2)
)−1]αβ;γδ
ij;kl
(x, y; z, w)
∣∣∣∣
ϕ=σ0
. (B.26)
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Using Γ [ϕ] in (B.18), one an show that
Γ(2)
∣∣
ϕ=σ0
= S +K , (B.27)
where
Sαβ,γδij,kl (x, y; z, w) = −i
(
σ−10
)βγ
jk
(y, z)
(
σ−10
)δα
li
(w, x) , (B.28)
Kαβ,γδij,kl (x, y; z, w) = −
g2
Nc
δijδkl
(
γ+
)αδ (
γ+
)γβ
h(x− y)δ(2) (z − y) δ(2) (w − x) . (B.29)
If there are mesons in the spetrum, they will show up as poles in the four-point quark-
antiquark Green's funtion. To nd the positions of these poles, all we need to do is nd
the zeros of [S +K]. The meson spetrum is thus determined by∫
d2zd2w [S +K]αβ,γδij,kl (x, y; z, w)χ
γδ
kl (z, w) = 0 . (B.30)
Transforming this equation to momentum spae, one gets the integral equation
i
(
6 p1 −m+ g
2γ+
2πp+1
)αδ (
− 6 p2 −m− g
2γ+
2πp+2
)γβ
χγδji (p2, p1)
+ δij
g2
Nc
(
γ+
)αδ (
γ+
)γβ ∫ d2k1d2k2
(2π)2
δ(2) (p1 + p2 − k1 − k2)
· P
[
1(
p+1 − k+1
)2
]
χγδll (k2, k1) = 0 . (B.31)
Without loss of generality, we sale the momenta and hoose
p1 =
(
p+1 , p
−
1
)
, p2 =
(
p+2 , p
−
2
)
, p+1 + p
+
2 = 1, p
+
1 = x, k
+
1 = y = y1, k
+
2 = y2. (B.32)
Then the momentum spae integral equation (B.31) beomes
χαβii
(
1− x, p−2 ; x, p−1
)
=
[
p−1 γ
+ + xγ− +m+ g
2γ+
2πx
]βγ
2p−1 x−m2 + g
2
π
+ iǫ
×
[
−p−2 γ+ − (1− x) γ− +m− g
2γ+
2π(1−x)
]δα
2p−2 (1− x)−m2 + g
2
π
+ iǫ
(B.33)
× ig2 (γ+)γσ (γ+)τδ ∫ dk−1 dk−2 dy1dy2
(2π)2
δ
(
p−1 + p
−
2 − k−1 − k−2
)
× δ (1− y1 − y2) P
[
1
(x− y1)2
]
χτσll
(
y1, k
−
2 ; y1, k
−
1
)
The light-front wavefuntion is dened through the projetion
Φβα (x) =
∫
dp−1 dp
−
2 δ
(
M2
2
− p−1 − p−2
)
χαβii
(
1− x, p−2 ; x, p−1
)
. (B.34)
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The ontent of (B.33) an then be written solely in terms of Φαβ (x) as,
M2 −
(
m2 − g2
π
)
x
−
(
m2 − g2
π
)
1− x

Φβα (x) = (xγ− +m)βγ (− (1− x) γ− +m)δα
2x (1− x) (B.35)
× g
2
2π
(
γ+
)γσ (
γ+
)τδ ∫ 1
0
dy P
[
1
(x− y)2
]
Φστ (y) .
Using standard matrix notation, (B.35) an be written in a ompat form,
M2Φ(x) =


(
m2 − g2
π
)
x
+
(
m2 − g2
π
)
1− x

Φ (x) (B.36)
+
g2
4πx(1− x)
∫ 1
0
dy P
[
1
(x− y)2
] (
xγ− +m
)
γ+Φ(y)γ+
(−(1 − x)γ− +m) .
Until now we were working with a single avour. The alulation an easily be extended
to the multi-avour ase, sine quark-antiquark pair prodution/annihilation vanishes in
the large-Nc limit. If ma and mb are the masses of avour a and b respetively, then the
multi-avour analogue of (B.36) is
M2Φ(x) =


(
m2a − g
2
π
)
x
+
(
m2b − g
2
π
)
1− x

Φ (x) (B.37)
+
g2
4πx(1− x)
∫ 1
0
dy P
[
1
(x− y)2
] (
xγ− +ma
)
γ+Φ(y)γ+
(−(1− x)γ− +mb) .
From the struture of above equation, one an see that only one omponent of Φαβ (x) is
independent. We expand Φ as
Φ (x) = Φ1 (x) 1 + Φ+ (x) γ
+ + Φ− (x) γ− + Φ+− (x)
1
2
[
γ+, γ−
]
− . (B.38)
Substituting this expansion in (B.37), one an easily see that Φ− (x) satises the 't Hooft
equation,
HΦ−(x) ≡M2Φ− (x) =


(
m2a − g
2
π
)
x
+
(
m2b − g
2
π
)
1− x

Φ− (x)
− g
2
π
∫ 1
0
dy P
[
1
(x− y)2
]
Φ− (y) . (B.39)
The remaining omponents Φ1 (x), Φ+ (x) and Φ+− (x) are algebraially determined in
terms of Φ− (x) as
Φ1 (x) =
1
2
(
ma
x
− mb
1− x
)
Φ− (x) , (B.40)
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Φ+ (x) = − mamb
2x(1 − x)Φ− (x) , (B.41)
Φ+− (x) =
1
2
(
ma
x
+
mb
1− x
)
Φ− (x) . (B.42)
B.6 't Hooft solution
Over the years, the properties and solutions of the 't Hooft equation (B.39) have been
investigated in great detail. Prominent results are [26℄[10℄[12℄:
• For nite norm solutions, Φ−(x) must vanish at the boundaries x = 0 and x = 1 as
xβa and (1− x)βb respetively, where
πβa cot (πβa) = 1− m
2
aπ
g2
, πβb cot (πβb) = 1− m
2
bπ
g2
. (B.43)
• The spetrum of M2 is purely disrete. The light-front wavefuntions Φn−(x) are
gauge invariant, and they form a omplete and orthogonal set.∑
n
Φn−(x)Φ
n
−(x
′) = δ(x− x′) (B.44)
∫ 1
0
dxΦn∗− (x)Φ
n′
− (x) = δ
nn′
(B.45)
• When ma = mb = 0, the lowest meson state has zero energy. The orresponding
wavefuntion is Φ1−(x) = 1. This is the Goldstone boson orresponding to hiral
symmetry breaking.
• For large n (large energy), the eigenvalues and eigenfuntions an be approximated
as
M2n ≃ πg2n
Φn−(x) ≃
√
2 sin (πnx)
}
n≫ 1 . (B.46)
Thus the eigenvalues form an almost linear trajetory in the M2 − n plane.
• Using the operator K dened by
KΦ−(x) = P
∫ 1
0
dy
Φ−(y)
(y − x) , (B.47)
and the fat that ∫ 1
0
dx Φn−(x) [H,K] Φ
n
−(x) = 0 , (B.48)
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one an prove that
mb
∫ 1
0
dy
Φn−(y)
1− y = −Pnma
∫ 1
0
dy
Φn−(y)
y
. (B.49)
Here Pn = (−1)n is the parity of the eigenstate n. The lightest meson is a pseu-
dosalar, P1 = −1.
• Continuous symmetries annot be spontaneously broken in two dimensions. In the
't Hooft model, hiral symmetry is realized in the Berezinski-Kosterlitz-Thouless
mode [31℄, 〈
ΨΨ(x) ΨΨ(0)
〉 ∼ x−1/Nc . (B.50)
To obtain results for the broken hiral symmetry phase (e.g. non-zero hiral onden-
sate), one must take the Nc →∞ limit before taking the m→ 0 limit.
• The hiral ondensate, regularized by a split-point denition and by subtrating the
free eld theory ontribution, is [7℄
〈
ΨΨ
〉
= −Nc m
2π
[
1 + γE + ln
(
m2
g2
)
+
(
1− m
2π
g2
){ 1
β1
+
∞∑
n=2
(
1
βn
− 1
n
)}]
, (B.51)
where βn ∈ [n−1, n] are the solutions to the 't Hooft boundary ondition πβ cot (πβ) =
1− (m2π/g2). In the hiral limit,
〈
ΨΨ
〉
= − Nc√
12
(
g2
π
) 1
2
. (B.52)
• Mesoni matrix elements of quark-antiquark bilinear operators are easily obtained
from (B.40-B.42) [10℄. In partiular, the axial urrent oupling is saturated by the
Goldstone boson in the hiral limit, and the pion deay onstant is given by
〈
0|Ψiγµγ5Ψi|π(p)
〉
= ifπp
µ =⇒ fπ =
√
Nc
π
∫ 1
0
dx Φ1−(x) . (B.53)
• When one of the quark avours is muh heavier than the other, MQ ≫ m, one an
take the stati limit of the 't Hooft equation [8℄. In terms of the non-relativisti
variables, Estat = M −mQ, t = (1− x)mQ and χ−(t) = 1√mQΦ−(1− 1mQ ),
Estatχ−(t) =


(
m2 − g2
π
)
2t
+
t
2

χ−(t)− g2
π
∫ ∞
0
dy P
[
1
(t− s)2
]
χ−(s) . (B.54)
• Detailed results for physial properties have to be obtained numerially.
Appendix C
Lattie QCD at strong oupling and
large-Nc
C.1 Preliminaries
The d-dim Eulidean lattie QCD ation in the strong oupling limit is
SE = −
∑
x,µ
i
2
[
Ψ(x+ µ) (r − iγµ)U(x, µ)Ψ(x) + Ψ(x) (r + iγµ)U †(x, µ)Ψ(x+ µ)
]
+im
∑
x
Ψ(x)Ψ(x) . (C.1)
Here x ≡ (x1, x2, . . . , xd) are points on a d-dimensional hyperubi lattie, and the lattie
diretions are labeled by µ = 1, 2, . . . d. We hoose to work with even d, and use units suh
that the lattie spaing a = 1. The Dira matries have dimensions C = 2d/2, and satisfy
[γµ, γν ]+ = −2δµν , (γµ)† = −γµ. (C.2)
The gauge links U(x, µ) onnet the nearest neighbour points on the lattie. They are
independent random variables in the strong oupling limit (there is no pure gauge term
in the ation). The fermion nearest neighbour hopping term is written using the Wilson
parameter r. With naive fermions (r = 0), the theory gives rise to 2d fermion zero modes,
one for eah orner of the Brillouin zone. Choosing r 6= 0 removes all fermion doublers,
leaving behind only the fermion mode orresponding to the ontinuum theory.
For naive fermions, (C.1) redues to
SEN = −
∑
x,µ
1
2
[
Ψ(x+ µ)γµU(x, µ)Ψ(x)−Ψ(x)γµU †(x, µ)Ψ(x+ µ)
]
+im
∑
x
Ψ(x)Ψ(x) (C.3)
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The global symmetry group of this naive fermion ation, SEN , an be easily dedued by
rewriting it in terms of spin-diagonalized fermion variables χ and χ. Let
Ψ(x) = A(x)χ(x) , Ψ(x) = χ(x)A†(x) . (C.4)
The hoie
A(x) =
(
γ1
)x1 (
γ2
)x2 · · · (γd)xd , A†(x)A(x) = 1 , (C.5)
redues the γ-matries in the ation to position dependent phase fators,
A†(x+ µ)γµA(x) = ∆µ(x) · 1
A†(x)γµA(x+ µ) = −∆µ(x) · 1 , (C.6)
where
∆µ(x) = (−1)
∑
ν<µ x
ν
. (C.7)
Thus the ation redues to
SEN = −
∑
x,µ
∆µ(x)
2
[
χ(x+ µ)U(x, µ)χ(x) + χ(x)U †(x, µ)χ(x+ µ)
]
+im
∑
x
χ(x)χ(x) . (C.8)
It is easy to see from this form of the ation that the fermion hopping term is invariant
under Uo(C)⊗ Ue(C) (o and e respetively stand for odd and even points):
χ(x) → χ′(x) = Uo(e) χ(x)
χ(x) → χ′(x) = χ(x) U †e(o)
}
for
(
d∑
µ=1
xµ
)
odd (even) (C.9)
This invariane group desribes the hiral symmetry of naive lattie fermions, and it is
onsiderably larger than the orresponding hiral invariane group in the d-dim ontinuum
theory. The fermion mass term is invariant only the diagonal subgroup U∆(C) of Uo(C)⊗
Ue(C), dened by Uo = Ue.
For fermions with r 6= 0, the ation SE is invariant only under U∆(C), even if m = 0.
The r-dependent terms break the non-diagonal part of Uo(C)⊗ Ue(C) expliitly.
C.2 Generating funtional for quark-antiquark
orrelation funtions
Sine we are interested in meson orrelation funtions, we add an appropriate meson soure
term to the starting ation. The partition funtion of the theory is
Z [J ] =
∫ [
DΨ ·DΨ] [DU ] exp
[
−SE +
∑
x
Jαβ(x)Ψ
α
i (x)Ψ
β
i (x)
]
. (C.10)
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The integral over the gauge links U(x, µ) ompletely fatorizes to a separate integral for
eah individual link, and so an be evaluated expliitly in the large-Nc limit. The result is
Z [J ] =
∫ [
DΨ ·DΨ] exp
[
−im
∑
x
Ψ(x)Ψ(x) +
∑
x,y
Jαβ(x)Ψ
α
i (x)Ψ
β
i (x)
]
× exp
[
−Nc
∑
x,µ
trDf˜ [B(x, µ)]
]
(C.11)
where
f˜ [B] =
√
1 +
1
N2c
B − 1− ln
[
1
2
+
1
2
√
1 +
1
N2c
B
]
. (C.12)
Matrix elements of B(x, µ) in Dira spae are
Bαβ(x, µ) = −Ψαi (x+ µ)Ψδi (x+ µ)
(
r + iγTµ
)δγ
Ψ
γ
j (x)Ψ
σ
j (x)
(
r − iγTµ
)σβ
. (C.13)
The integration over gauge link has produed non-loal interations between fermion bi-
linears. To perform the fermioni funtional integral in the large Nc limit, we rst rewrite
the fermioni integral in terms of bosoni variables using the identity (B.8):
Z [J ] =
∫
[Dσ ·Dλ] exp [−V (σ, λ)] , (C.14)
V (σ, λ) = −
∑
x
Tr [ln(−iλ⊗ 1c)(x)]−
∑
x
iσαβ(x)λαβ(x)
+
∑
x
(
imδαβ − Jαβ(x))σαβ(x) +Ncf [σ] . (C.15)
Here
f [σ] =
∑
x,µ
Trf˜ [B(x, µ)] , (C.16)
with matrix elements of Bαβ(x, µ) in terms of σ given by
Bαβ(x, µ) = −σαδii (x+ µ)
(
r + iγTµ
)δγ
σγτjj (x)
(
r − iγTµ
)τβ
. (C.17)
In the large-Nc limit, the bosonized funtional integral redues to its stationary point value.
The stationary point equations are:
∂V
∂λαβ(x)
∣∣∣∣
σ,λ
= −iσαβ(x)−Nc
(
λ
−1)βα
(x) = 0 , (C.18)
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∂V
∂σαβ(x)
∣∣∣∣
σ,λ
= −iλαβ(x) + (imδαβ − Jαβ(x))
−Nc
∑
µ
[ (
r + iγTµ
)
σ(x− µ) (r − iγTµ ) f˜ ′ [B(x− µ, µ)]
+
(
r − iγTµ
)
f˜ ′ [B(x, µ)] σ(x+ µ)
(
r + iγTµ
) ]βα
= 0 . (C.19)
Here
f˜ ′[B] ≡ ∂f˜ [B]
∂B
=
1
2N2c
(
1 +
√
1 +B/N2c
) . (C.20)
Solution of the rst stationary point equation (C.17) gives
λ
αβ
(x) = iNc
(
σ−1
)βα
(x) . (C.21)
Substituting this in the seond stationary point equation (C.18) yields a self-onsistent
equation for σ,
Nc
(
σ−1
)βα
(x) +
(
imδαβ − Jαβ(x))
−Nc
∑
µ
[ (
r + iγTµ
)
σ(x− µ) (r − iγTµ ) f˜ ′ [B(x− µ, µ)]
+
(
r − iγTµ
)
f˜ ′ [B(x, µ)]σ(x+ µ)
(
r + iγTµ
) ]βα
= 0 . (C.22)
Solution of this equation will yield σ as a funtion of J . The large-Nc generating funtional
of onneted meson orrelations is thus given by
W [J ] = − lnZ [J ] = V (σ, λ) ≡ Veff (σ; J) , (C.23)
with Veff (σ; J) (obtained by substituting λ in terms of σ ) given by,
Veff (σ; J) =
∑
x
Tr [ln (σ ⊗ 1c) (x)] + im
∑
x
trDσ(x)−
∑
x
trDJ
T (x)σ(x) (C.24)
+ Nc
∑
x,µ
trD
[(
1 +
B(x, µ)
N2c
) 1
2
− 1− ln
(
1
2
+
1
2
(
1 +
B(x, µ)
N2c
) 1
2
)]
.
The matrix B is B, eq.(C.17), evaluated at the stationary point,
B
αβ
(x, µ) = −σαδ(x+ µ) (r + iγTµ )δγ σγτ (x) (r − iγTµ )τβ (C.25)
The generator of 1PI vertex funtions Γ [ϕ] is the Legendre transform of W [J ]. In
terms of the eetive eld ϕ onjugate to the external soure J ,
ϕαβ(x) =
∂W [J ]
∂Jαβ(x)
, (C.26)
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Γ [ϕ] = W [J ] +
∑
x
Jαβ(x) ϕαβ(x)
=
∑
x
Tr [ln (ϕ⊗ 1c)] (x) + im
∑
x
trDϕ(x) (C.27)
+Nc
∑
x,µ
trD
[(
1 +
B(x, µ)
N2c
) 1
2
− 1− ln
(
1
2
+
1
2
(
1 +
B(x, µ)
N2c
) 1
2
)]
,
with
B
αβ
(x, µ) = −ϕαδ(x+ µ) (r + iγTµ )δγ ϕγτ (x) (r − iγTµ )τβ . (C.28)
Note that ϕ ≃ σ in the large-Nc limit. Also[
W (2)
]αβ;γδ
(x, y) =
[(
Γ(2)
)−1]αβ;γδ
(x, y) , (C.29)
where W (2) and Γ(2) are funtional seond derivatives of W [J ] and Γ[ϕ] respetively.
C.3 Chiral ondensate
When J = 0, we expet the stationary point to be translationally invariant. Then equation
(C.22) gives,
1
σ˜0
+ im+
d (1− r2) σ˜0
1 +
√
1 + (1− r2) σ˜20
= 0 , (C.30)
where σαβ0 (x) = Ncσ˜0δ
αβ
. This equation an be solved to yield
σ˜0 = i
−m(d − 1) + d√m2 + (2d− 1) (1− r2)
d2 (1− r2) +m2 . (C.31)
The hiral ondensate is given by〈
Ψ
α
i (x)Ψ
α
i (x)
〉
=
∂W [J ]
∂Jαα(x)
∣∣∣∣
J=0
= (σ0)
αα (x) = NcCσ˜0 , (C.32)
In partiular,
• Naive fermions (r = 0):〈
ΨΨ
〉
= iNcC
−m(d − 1) + d√m2 + 2d− 1
d2 +m2
. (C.33)
In the hiral limit m → 0, a non-zero hiral ondensate signals spontaneous break-
down of Uo(C)⊗ Ue(C) to its diagonal subgroup U∆(C),
lim
m→0
〈
ΨΨ
〉
= iNcC
√
2d− 1
d
. (C.34)
• Wilson fermions (r = 1): 〈
ΨΨ
〉
= NcC
i
m
. (C.35)
Chiral symmetry is expliitly broken in this ase.
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C.4 Meson propagator
The meson propagator is given by〈
Ψ
α
i (x)Ψ
β
i (x)Ψ
γ
j (y)Ψ
δ
j(y)
〉
=
∂W [J ]
∂Jαβ(x)
∣∣∣∣
J=0
∂W [J ]
∂Jγδ(y)
∣∣∣∣
J=0
+
∂2W [J ]
∂Jαβ(x)∂Jγδ(y)
∣∣∣∣
J=0
= (Ncσ˜0)
2 δαβδγδ +
[(
Γ(2)
)−1]αβ,γδ
(x, y)
∣∣∣∣
ϕ=σ0
, (C.36)
where(
Γ(2)
)αβ,γδ
(x, y)
∣∣∣
ϕ=σ0
= − 1
Ncσ˜20
δαδδγβδx,y
− 1
Nc
[ (
G1 +
(
1− r2) σ˜20G2)∑
µ
{
(r − iγµ)αδ (r + iγµ)γβ δx−µ,y
+ (r + iγµ)
αδ (r − iγµ)γβ δx+µ,y
}
−2d (1− r2)2 σ˜20G2δαδδγβδx,y], (C.37)
with
G1 =
1
2
(
1 +
√
1 + (1− r2) σ˜20
) , (C.38)
G2 =
−1
4
√
1 + (1− r2) σ˜20
(
1 +
√
1 + (1− r2) σ˜20
)2 . (C.39)
Eq.(C.37) is the inverse of the onneted meson propagator. The poles of the meson
propagator therefore orrespond to the zero eigenvalues of Γ(2)(p). Transforming Γ(2)(x, y)
to momentum spae, we get(
Γ(2)
)αβ,γδ
(p) = − 1
Nc
[( 1
σ˜20
− 2d (1− r2)2 σ˜20G2)δαδδγβ (C.40)
+
(
G1 +
(
1− r2) σ˜20G2)∑
µ
{
2
(
r2δαδδγβ + γαδµ γ
γβ
µ
)
cos (pµ)
+2r
(
δαδγγβµ − γαδµ δγβ
)
sin (pµ)
}]
.
Γ(2)(p) is a matrix in the C2-dimensional spae of the Cliord algebra generated by the
d gamma matries. This matrix has to be diagonalized in order to nd the spetrum of
meson states. In 4-dim, the ommonly hosen Cliord algebra basis is:
ΓM = {S = 1, V = γµ, T = 1
2
[γµ, γν], A = γµγ5, P = γ5} . (C.41)
There is at most one meson state for eah spin-parity setor, i.e. no radial exitations
survive in the strong oupling limit.
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For naive fermions (r = 0), the inverse onneted meson propagator is
(
Γ(2)
)αβ,γδ
(p) = −Nc
[( 1
σ˜20
−2dσ˜20G2
)
δαδδγβ+2
(
G1 + σ˜
2
0G2
)∑
µ
γαδµ γ
γβ
µ cos (pµ)
]
, (C.42)
and it is exatly diagonalized by the basis (C.41). The resultant dispersion relation is
4
∑
µ
ηAµ sin
2
(pµ
2
)
+
{
im
σ˜0 (G1 + σ˜20G2)
+ 4n
}
= 0 , (C.43)
where n is 0 (pseudosalar), 1 (vetor), . . . , d − 1 (axial), d (salar), and ηAµ is +1(−1)
when ΓM antiommutes (ommutes) with γµ. This result shows that, the fermion doubling
phenomenon for naive fermions, produes C2 pseudo-Goldstone bosons with mass
M2 =
im
σ˜0 (G1 + σ˜
2
0G2)
= im
4
√
1 + σ˜20
σ˜0
, (C.44)
one for eah orner of the Brillouin zone. The pseudosalar loated at p = 0 is identied
as the physial pion, while the other modes at p = 0 (i.e. n 6= 0) are interpreted as the
heavier meson states [16℄[19℄.
For Wilson fermions, we restrit ourselves to d = 4. For r 6= 0, the inverse onneted
meson propagator separates into three blok matries orresponding to S, PA and V T
hannels. As r inreases from 0 to 1, states within eah hannel get more and more
strongly oupled. For r 6= 0, the hiral limit is non-perturbatively dened as the value
m = mc for whih the pseudosalar mass vanishes:
r → 0 : mc ∼ 3
√
7
4
r , r = 1 : mc = 2 . (C.45)
At m = mc, σ˜0 dereases smoothly from
√
7
4
to
1
2
as r inreases from 0 to 1. For r 6= 0,
all physial meson states are loated at p = 0. At r = 1 in partiular, there are only four
meson states, one pseudosalar and three vetors [14℄[15℄[20℄.
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